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PREFACE

A structure can be defined as a fully functional object formed by connecting the
elements together. Natural structures vary from the very smallest part of an atom to the
entire cosmology of the universe. Trees, animals and human beings could also be
treated as structures. Man-made structures include buildings, bridges, dams, ships,
aeroplanes, rockets, trains, cars, artefacts, and sculptures etc.

The primary objective of civil engineering structures is to function as an integral
unit in transmitting loads to the supporting medium safely. This physical structures
become reality after going through many phases like Conceptual plan, Structural
analysis and design, and Construction. Structural analysis mainly focusses on
predicting the response of structures subjected to specified arbitrary external loads.
Structural design aims at determining the most suitable proportions, dimensions and
details of the elements and connections for satisfying the requirements set by the
responses resulted in the analysis.

All too often in today’s world, advanced computer programs are being used for the
analysis and design. A proper understanding of the basic principles concerning how
structures really work is essential for using the computer-based tools effectively and
sensibly. Theory of structures underscores the fundamental concepts behind the
analysis and design. Therefore, the primary goal of this book is to impart a basic
understanding of structural behaviour to students (at diploma level in particular)
interested in analysis and design of structures subjected to different types of loads. The
contents of this book are limited to analysis of structures wherein the force and
displacement responses of structural elements are obtained.

The book is presented in five units to cater the requirements of model curriculum
prescribed by A/l India Council for Technical Education. The first unit presents the
analysis procedure to determine the stresses in vertical members such as columns and
chimneys, and analysis of dams. The second unit presents the analytical methods for
obtaining the displacement responses of statically determinate structures. It is
presumed that the students have thorough background knowledge for analysing
statically determinate beams for the force responses, which are the basic requirements
for getting the displacement responses. The third unit presents the techniques to solve
statically indeterminate structures such as fixed beams and two-span continuous beams
using the conventional force method. The fourth unit presents an iterative numerical
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procedure to solve statically indeterminate structures for the force responses. The last
unit presents different techniques to analyse the pin-jointed statically determinate truss
structures.

The emphasis throughout is on clarity in basic understanding of concepts and their
applications to a wide variety of problems. Wherever possible, a visual language of
structural behaviour is considered for a qualitative understanding of the response of
structure. Students must bear in mind that the numbers resulting from the analysis
should not be viewed as mere numbers, because they may bear significant values
intrinsically.
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Numbers and letters are the two discerning eyes for all mankind to make the best of
life. (Thirukkural No. 392).

Dr. Arunachalam Subramanian Balu
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OUTCOME BASED EDUCATION

For the implementation of an outcome based education the first requirement is to develop
an outcome based curriculum and incorporate an outcome based assessment in the
education system. By going through outcome based assessments, evaluators will be able to
evaluate whether the students have achieved the outlined standard, specific and measurable
outcomes. With the proper incorporation of outcome based education there will be a
definite commitment to achieve a minimum standard for all learners without giving up at
any level. At the end of the programme running with the aid of outcome based education,
a student will be able to arrive at the following outcomes:

Programme Outcomes (POs) are statements that describe what students are expected
to know and be able to do upon graduating from the program. These relate to the skills,
knowledge, analytical ability attitude and behaviour that students acquire through the
program. The POs essentially indicate what the students can do from subject-wise
knowledge acquired by them during the program. As such, POs define the professional
profile of an engineering diploma graduate.

National Board of Accreditation (NBA) has defined the following seven POs for an
Engineering diploma graduate:

PO1. Basic and Discipline specific knowledge: Apply knowledge of basic mathematics,
science and engineering fundamentals and engineering specialization to solve the
engineering problems.

PO2. Problem analysis: Identify and analyses well-defined engineering problems using
codified standard methods.

PO3. Design/ development of solutions: Design solutions for well-defined technical
problems and assist with the design of systems components or processes to meet
specified needs.

PO4. Engineering Tools, Experimentation and Testing: Apply modern engineering
tools and appropriate technique to conduct standard tests and measurements.

POS5. Engineering practices for society, sustainability and environment: Apply
appropriate technology in context of society, sustainability, environment and ethical
practices.

PO6. Project Management: Use engineering management principles individually, as a
team member or a leader to manage projects and effectively communicate about well-
defined engineering activities.

PO7. Life-long learning: Ability to analyse individual needs and engage in updating in
the context of technological changes.
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COURSE OUTCOMES

By the end of the course, students are expected to be familiar with the following.

CO-1: Fundamentals of stresses and safety conditions in columns, chimneys and dams
CO-2Different methods for evaluating displacement responses of structures

CO-3: Analysis of statically indeterminate structures for force responses
CO-4: Determination of salient parameters required for design of structural elements
CO-5: Analysis of simple truss structures

Mapping of Course Outcomes with Programme Outcomes

Course Expected Mapping with Programme Outcomes

Outcomes (1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation)

PO-1 PO-2 PO-3 PO-4 PO-5 PO-6 PO-7

CO-1 3 3 3 2 1 1 3
CO-2 3 3 2 2 1 1 3
CO-3 3 3 2 1 1 1 3
CO-4 3 3 3 1 1 1 3
CO-5 3 3 2 1 1 1 3




GUIDELINES FOR TEACHERS

To implement Outcome Based Education (OBE) knowledge level and skill set of the
students should be enhanced. Teachers should take a major responsibility for the proper
implementation of OBE. Some of the responsibilities (not limited to) for the teachers in
OBE system may be as follows:

Within reasonable constraint, they should manipulate time to the best advantage of
all students.

They should assess the students only upon certain defined criterion without
considering any other potential ineligibility to discriminate them.

They should try to grow the learning abilities of the students to a certain level before
they leave the institute.

They should try to ensure that all the students are equipped with the quality
knowledge as well as competence after they finish their education.

They should always encourage the students to develop their ultimate performance
capabilities.

They should facilitate and encourage group work and team work to consolidate
newer approach.

They should follow Blooms taxonomy in every part of the assessment.

Bloom’s Taxonomy

Level Teacher should Student should be Possible Mode of
Check able to Assessment
Create Students ability to Design or Create Mini project
Create
Evaluate Stude?as;t??;hty to Argue or Defend Assignment
Analyse Students ability to Differentiate or Project/Lab
Y distinguish Distinguish Methodology
Appl Students ability to Operate or Technical Presentation/
PPy use information Demonstrate Demonstration
Students ability to Explain or Classify Presentation/Seminar
explain the ideas
Students ability to Define or Recall Quiz
recall (or remember)




GUIDELINES FOR STUDENTS

Students should take equal responsibility for implementing the OBE. Some of the
responsibilities (not limited to) for the students in OBE system are as follows:

Students should be well aware of each Unit Outcome (UO) before the start of a unit
in each and every course.

Students should be well aware of each Course Outcome (CO) before the start of the
course.

Students should be well aware of each Programme Outcome (PO) before the start
of the programme.
Students should think critically and reasonably with proper reflection and action.

Learning of the students should be connected and integrated with practical and real
life consequences.

Students should be well aware of their competency at every level of OBE.
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Boundary Condition
Bending Moment Diagram
Carry Over Factor

Carry Over Moment

Degree of Kinematic Indeterminacy

Degree of Static Indeterminacy
Fixed End Moment

Factor of Safety

Shear Force Diagram

Area

Breadth

Compression

Depth, Internal diameter
External diameter
Eccentricity

Modulus of elasticity
Force

Height

Horizontal reaction, height
Moment of inertia

Joint

Stiffness factor

Wind resistance
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Length

Moment

Load, Thrust

Pressure

Radius of gyration, Reaction
Radius of curvature, Resultant
Shear

Tension

Shear, Vertical reaction, Volume
Distributed load

Load, Weight

Chord rotation

Curvature
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Deflection
Deformation
Density
Distribution factor

Slope
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Direct and Bending Stresses

UNIT SPECIFICS

This unit discusses the following aspects.
e Principles of structural analysis
e Concepts of direct and bending stresses
e Analysis of vertical members such as columns, chimneys and dams

RATIONALE

Basic concepts of structural analysis are highlighted to understand the importance of this course.
Structural design process requires the information of stress resultants as necessary input. Therefore,
most of the structural analysis procedures aim at estimating the stresses developed in the elements
due to application of loads. This chapter explains the detailed procedure for analysing vertical
structural elements for the resultant stresses.

UNIT OUTCOMES
List of outcomes of this unit is as follows.

U1-O1: Describe the need for structural analysis

U1-02: Describe the concepts of stresses

U1-O3: Describe the procedure for obtaining resultant stresses

U1-O4: Analyse solid and hollow chimneys

U1-05: Analyse and check the conditions of stability for rectangular and trapezoidal dams

Mapping of Unit-1 Outcomes with Course Outcomes *

CO-1 CO-2 | CO-3 | CO4 | CO-5
U1-01 3 3 3 3 3
U1-02 3 2 2 2
U1-03 3 1 1 1 1
U1-04 3 1 1 1 1
U1-05 3 1 1 1 1

* (1- Weak correlation; 2- Medium correlation; 3- Strong correlation)
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1.1 Introduction

Everything has structure. The function of a structure is to provide the form and shape on which
other functions can operate. In a building context, structure is a device for channelling loads (i.e.,
dead or live loads that act on structures) to the ground. Though a structure functions as a whole,
students must realise that a typical building is composed of a seemingly endless array of individual
elements like beams and columns. These elements are invariably so positioned and interrelated as
to enable the overall structure to function as a whole in carrying either vertically or horizontally
acting loads to the ground. No matter how some individual elements are located and attached to
one another, if the resultant configuration and interrelation of all elements does not function as a
whole unit in channelling all anticipated types of loads to the ground, the configuration cannot be
said to be a structure.

1.2 Structural Analysis

Theory of structure is a broader area of structural engineering in which analysis is the determination
of responses of a structure to the loads that act upon it, whereas design is the creation and
subsequent modification of the physical configuration of a structure to achieve a desired response.
This book is limited to serve the purpose of the former as indicated in Figure 1.1. The loads may
be directly (e.g., concentrated, uniformly distributed, varying loads/forces, etc.), or indirectly (e.g.,
differential support settlement, environmental effects, etc.) applied to the structure. Similarly,
responses are broadly classified into force (e.g., shear force, bending moment, torsional moment,
etc.), and displacement (elongation/contraction, slope, deflection, curvature, etc.) responses. The
force responses are required for proportioning the elements whereas the displacement responses
are required for checking the serviceability conditions during the design process.

Students should bear in mind that the physical structures and loads are converted into idealized
mathematical models for performing the analysis for the desired response quantities. Therefore,
each number is very important, because it may bear different values. This essentially means that
understanding the physics of mathematics is important.

Loads Structure Responses

Figure 1.1 Process in structural analysis
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1.3 Basic Equations

Material continuity without discontinuities or cracks is a logical assumption in solid mechanics.
This assumption leads to a mathematical description of geometric relations of a continuous medium
known as continuum expressed as compatibility conditions.

In order to establish a solution in any solid mechanics problem in which structural engineering
is one of its applications, the following three basic sets of relations have to be fulfilled.

i) Equilibrium conditions, which guarantee that the body is always in equilibrium
i) Compatibility conditions, which guarantee that the body remains continuous
iii) Constitutive relations, which connect stresses and strains of a material behaviour

In short, the mechanics analysis of a given structural problem or a proposed structural design must
involve the mathematical formulation of the above three sets of equations and solutions. It does not
mean that the solution procedure necessitates the application of all the above equations. Depending
on the nature of the problem, some of the conditions are explicitly satisfied to arrive at a solution
while other conditions are implicitly satisfied. The interrelationship of these three sets of basic
equations for static analysis is shown in Figure 1.2.

1.4 Indeterminacy

Simple structures like cantilever and simply supported beams can be solved by the application of
the three equations of statical equilibrium (i.e., all horizontal forces must balance, all vertical forces
must balance, and all moments must balance). Consequently, for a solution to be found, there can
be three unknowns. This means, if the solution of a structure is statically determinable, the structure
is termed as statically determinate. However, virtually all real structures have more than three
unknowns, which cannot be solved by the three equations of equilibrium alone. Hence, if the
solution of a structure is not statically determinable, the structure is termed as statically
indeterminate. Therefore, the degree of static indeterminacy (DSI) is the number of redundant
forces (i.e., extra forces) present in the structure more than required for mere equilibrium. It
represents the difference between the number of static unknowns (reactions and internal forces)
and the number of static equations (equilibrium equations). For a given structure the degree of static
indeterminacy is unique, but redundant forces can be different.

External forces Displacements

Equilibrium equations — —— Compatibility equations

Stresses Strains

Constitutive laws

Figure 1.2 Interrelation of basic equations
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There is another allied concept called kinematic indeterminacy, which is usually associated
with degrees of freedom (i.e., independent co-ordinates required to define the displaced
configuration of structure). Theoretically, a structure has infinite degrees of freedom, because it is
a continuum. However, in a skeletal structure, the actual degrees of freedom are limited to the ones
at the joints where different joint elements converge. Therefore, the degree of kinematic
indeterminacy (DKI) is defined as the total number of degrees of freedom at the various joints in a
skeletal structure.

Methods of structural analysis are broadly grouped in to two categories, namely flexibility
methods and stiffness methods. The flexibility methods use the degree of static indeterminacy while
the stiffness methods use the degree of kinematic indeterminacy. Since the degree of indeterminacy
decides the complexity of computations involved during the solution process, it is wise to adopt an
appropriate method of analysis by appraising both the indeterminacies. Table 1.1 presents the
details of degrees of static and kinematic indeterminacies for different beam structures.

Table 1.1 Beams with indeterminacies

Type of beam DSl DKI

Cantilever beam
(Fixed at A & free at B)

Simply supported beam
(Hinge at A & Roller at B)

Propped cantilever beam
(Fixed at A & Roller at B)

Fixed beam
(Fixed at A & B)

1.5 Loads

Loads act on a structure, causing it to undergo internal stresses and displacements, which the
structure should be able to withstand satisfactorily meeting the requirements of stability, strength
and serviceability. Although many types of loads exist, some of the commonly applied loads are
shown in Figure 1.3. Predominant function due to the action of forces decides whether the elements
of structures are compression members, tension members, or flexural members. For example, the
vertical gravity load (both dead and live loads) on the floors and roof slabs in a framed structure is
transmitted sequentially through beams, columns, and footings to the supporting ground under
normal conditions. Since the load on the slab and beams is laterally applied, these elements are
subjected to a bending nature and hence called flexural members. Similarly, the columns are called
compression members due to the axial load action (sometimes, bending may also be present in
columns).
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Uniaxial tension

PY
Px —P Px
Biaxial load
Py
M

Lateral point load

FHHHHHHW 11

Figure 1.3 Types of loads applied on structural elements
1.6 Supports

Structural elements are assembled to make a whole structure which is supported on ground in such
a way that the load is transmitted through the supports. In turn, the supports develop reactions
depending on the nature of support conditions. For example, if the support restrains linear
movements in a particular direction, then a reaction is developed in the opposite direction.
Similarly, the support offers moment reaction when the rotational movement is restrained. Figure
1.4 presents a few types of supports and their respective reaction components. In case of a fixed
support, as the support restrains all the movements, it offers resistance in horizontal, vertical and
rotational directions by developing H, V and M respectively. Hinged support permits the member
to rotate freely, hence no resistance is observed in the rotational direction. However, it offers
resistance to both horizontal and vertical directions by developing H and V respectively. Roller
support permits the member to rotate freely in rotational direction, and to move freely horizontal
direction, hence no resistance is observed in those directions. Therefore, it offers resistance only to
vertical direction by developing V. Another type of support called guided-fixed support offers
resistance to horizontal and rotational directions, but not in vertical direction, hence H and M are
developed.
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(1) Fixed support (i) Hinged support (iii) Roller support (iv) Guided-fixed support

Figure 1.4 Supports with their reaction components
1.7 Free-Body Diagram

A free-body diagram is a figure that symbolically represents the structure without physical
attributes like supports. For example, if a structure (or element) is supported on the ground (or
wall), then the idealized model will have the appropriate reactions in place of the physical supports
so that the analysis can be performed. An example is shown in Figure 1.5, where supports at A and
B in the original beam are replaced with respective reactive forces in the free-body diagram.

w

y L B

A

(i) Propped cantilever beam
w
H
ST ﬂr
\Y v

Figure 1.5 Free-body diagram
1.8 Concept of Stress

At the rudimentary level of understanding, stress and strain are defined in the context of an axial
tensile test of a longitudinal specimen. If F, is the axial tensile force applied through the centroid

X

of a specimen with cross-sectional area A, , the corresponding axial stress o, is defined as
o = (1.1)

in which, the subscript “x” indicates that both force and cross-section face in the direction of the
longitudinal axis of the member.
Because the member elongates when acted on by the tensile force, the concept of axial strain

is as a measure of the change in length. The axial strain ¢, is defined as



Theory of Structures| 7

_ oL
L
in which oL is the experimentally measured extension that occurs in the pre-established reference
length L, termed the gauge length.

The axial stress and axial strain (Eq. 1.1 and Eq. 1.2) are average values. The stress is averaged
over the cross-sectional area, and the strain is averaged over the gauge length. In this sense, the
stress is considered to be “uniformly distributed over the cross section”, and the strain is considered
to be “constant over the gauge length”.

Consider a member made-up of fibres (represented by dotted lines) arranged along the
longitudinal direction as shown in Figure 1.6.

£ (1.2)

zZ

Cross-section

Figure 1.6 Member with represented fibres

If aload P is applied at the centroid (i.e., at O) in the direction of the longitudinal axis (i.e.,
X), then each fibre is considered to be subjected to the same magnitude. At the same time, the
applied load is internally resisted at each point in the fibre, and this force is called stress, which is
equal at all points. This is called direct stress, oy . Incidentally, all fibres will shorten or elongate
equally depending on the nature of concentrated load applied (i.e., compression or tension
respectively).

If aload P is applied at a point other than the centroid (i.e., eccentric), then the fibres will not
have an equal displacement. Moreover, some fibres may experience shortening while some may
have expansion, which leads to the bending of fibres in a lateral direction. The corresponding stress
is called bending stress, oy, .

This kind of phenomenon can also be evidenced when the load is laterally applied on the length
(i.e., in the Y or Z direction). But, another kind of stress across the section, called shear stress, is
also developed in this case. It is noted that direct and bending stresses will act perpendicular to the
section whereas shear stress will act along the section. Therefore, the resultant stress is obtained by
combining the direct and bending stresses as

o=0,%0, (1.3)
where o, is the direct stress, and o, is the bending stress. Here, o, takes positive or negative
depending on the fibre whether it is under compression or tension due to the bending.
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1.9 Analysis of Vertical Members

In structures, the loads acting on beams are transmitted to the supporting medium through vertical
members like columns. Columns are predominantly subjected to axial compression, and they can
be circular, square, rectangular, standard or built-up section in their cross sections.

1.9.1 Analysis of Axially Loaded Members

If the axis of load coincides with the longitudinal axis of the member, then the load applied is called
axial or direct load, and the member is called axially loaded member. Consider a vertical member
(e.g., column) of rectangular section supported at the base and loaded at the top as shown in Figure
1.7. Since the load is applied at the centroid of the section, the stress developed at the fibres is
uniform, which is equal to

-5 (L.4)

where F, is the axial force applied through the centroid, and A, is the cross-sectional area. By

X

substituting the axial compressive load ( P ) and the cross-sectional area (b xd ), Eq. (1.4) becomes:

P
- 15
— (1.5)
where o, is the direct stress (compression). The distribution of stress at the edges across breadth

and width directions are also shown in Figure 1.7.

Oy

P
A
1 ~
1
L |
1
1
-t--,
N Isometric view
Y
1
i
1T
-tz d
: JL Cross-section
o, Y
fe—b -
e

Figure 1.7 Stress distribution of axially loaded member
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1.9.2 Analysis of Eccentrically Loaded Members

If the axis of load does not coincide with the longitudinal axis of the member (i.e., the load is
applied at a distance “e ” from the centroid), the member is called an eccentrically loaded member.
Consider a column of rectangular section supported at the base and loaded at the top as shown in
Figure 1.8. Since the load is eccentrically applied, it will bend the member, which will result in
non-uniform stress distribution across the section. The bent configuration of the member in one
direction is also shown in Figure 1.8 so as to visualise the effects of bending due to which the
extreme faces are subjected to compression and tension.

P P
D « C
AN - | 2 2
A<e)B AT B % L
i s s
! 5 [
L ! h g
! h 8
! |
d 7
Isometric section Elevation
b I ¢
1
_._.i_...
X S R
b
A v B

Figure 1.8 Eccentrically loaded member

To understand the effects of eccentric loads, let a load P act eccentric to one axis as shown in
Figure 1.9(i).

Figure 1.9 Load acting eccentric to one axis
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The evolution of the resultant stresses due to the eccentric load can be realized as follows.

i) Assume two equal and opposite loads (equal to P) are introduced in the axis of the member
(Figure 1.9(ii)). As these loads cancel out each other, their introduction does not make any
difference to the actual loading of the member.

i) The above scenario is effectively the same as the combination of Figure 1.9(iii) and Figure
1.9(iv).

iii) Figure 1.9(iii) results in the direct stress (i.e., uniform compressive stress across the
section), and Figure 1.9(iv) results in the bending stress due to the clockwise couple of
magnitude P xe.

iv) Therefore, an eccentric load produces direct stress (in this case, compression) as well as
the bending stress. The bending stress due to moment M =P -e is obtained from the simple
theory of bending equation as

o= (1.6)

where Z is the section modulus about the axis of bending. The value of &, can be positive or

negative depending on the nature of bending. Therefore, the resultant stress is obtained as
P P-e
o=o0,t0,=——+t—
b-d Z
If compressive stress is considered as positive and tensile stress is considered negative, for the load
acting eccentric to one axis, the resultant stresses are calculated as

(1.7)

Stress at B, o =0, + 0,

Stressat A, o =0, -0,
In this case, stress at B (i.e., 0,,,) is certainly compressive. However, stress at A (i.e., o,;,) Will
offer three possibilities as shown in Figure 1.10. If o, =0, then o, =0. If 6, <o, then o,
will also be positive, hence compression. If o, > o,, then o,,, will be negative, hence the tension.

Figure 1.10 Resultant stress distribution possibilities

Similarly, assume that the load is acting eccentric to both axes (i.e., X and Y) as shown in Figure
1.11. Since the load is assumed to be acting in the first quadrant, both eccentricities (e, and e, ) are

considered positive.
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Y
D M c
T !
d ;<—+el>
i i I+eX
X_’F ......... ORI _DX

$ i M,
v 1
Ale—12 —>:<—% —> B

Y

Figure 1.11 Load acting eccentric to both axes
The system can be assumed to consist of the following.

i) Anaxial load P acting at the centroid. This results in the direct stress, o, =5d

ii) A couple P-e, about X-axis. This results in the bending stress, o, = P-&,

ZXX
P-e,

iif) A couple P-€, about Y-axis. This results in the bending stress, o, =

yy
Therefore, stress at any point is given by

b:iz%iZ% 9

XX yy

O =

where
e, is the eccentricity measured from XX-axis in Y-direction
e, is the eccentricity measured from YY-axis in X-direction

2
Z, is the section modulus about XX axis, Z, = %

. . . db?
Z,, is the section modulus about YY axis, Z,, =—

6
1.9.3 Neutral Axis

In the resultant stress distribution diagram, when both compressive and tensile stresses are present,
and in between these stresses, there is a layer of fibres which has neither compression nor tension.
This layer is called the neutral layer or neutral surface. The intersection of this neutral surface with
the axial plane of symmetry is called the neutral axis. At the neutral axis, the stress is zero.
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1.9.4 Condition for No Tension

Most of the vertical members are subjected to compression, as the predominant action of these
members is to transmit the load coming from the structure above to the ground which is the
direction of gravity. Therefore, effective utilization of materials (e.g., stone, timber, brick etc.) for
constructing such members fulfils the development of compression with no tension as these
materials are relatively weak in tension. This necessitates limiting the eccentricity “e ” to a certain
value for different sections.

From Eq. (1.7), when the vertical members are subjected to compressive loads (i.e., the load is
applied at the top in a downward direction), the resultant stress is the combination of direct stress
(always compression) and bending stress (compression or tension, depending on the eccentricity).
Therefore, bending stress is the deciding factor for transiting compression into tension.

If o, exceeds oy, the resultant stress (o) in Eq. (1.7) results in a tensile stress in one layer.

Hence, o, <o, should be the required condition to ensure no tension across the section.
Pe P

o,f0, > —<— 1.9
i S0y = <o (L9)
e<— 1.10
A (1.10)
Z Z
Eq. (1.10) means, e, <—* and e, <2,
q. (1.10) (S v STy
The above expression can also be written in terms of radius of gyration as
pe P _Pe P
Z A I/y ~ A
Pe P (1.11)
(Ar?)/y A
r2
e<l (1.12)
y

where “r " is the radius of gyration with regard to neutral axis and “y  is the distance of extreme

fibre from the neutral axis.
For a rectangular section the limiting value of eccentricity to ensure no tension conditions can
be obtained as

bd?/6
eXsZ: = exg( bd/ ) (1.13)
e, S% (1.14)
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. z (db’/6)
Similarly, e, STW = e, < o

e, <— (1.15)

Thus, the value of eccentricity can be on either side of the geometrical axis, which means, if
the load line is within the middle third of the section (i.e., d/6+d/6=d/3and b/6+b/6=b/3),

the resultant stress will ensure no tension condition. This is called the middle third rule.
Similarly for solid circular sections, the limiting values of eccentricity to ensure no-tension, is
D/8, where D is the diameter of section. If the load acts within the middle quarter

(i.e., D/8+D/8=D/4), the resultant stress will ensure no tension condition. Hence, this is called

the middle quarter rule.
In a similar way, for hollow circular sections, the limiting values of eccentricity to ensure no
2 2 2 2
tension is L_%SGS%J (where D is external diameter and d is internal diameter).

1.9.5 Core of a Section

For a given cross-section, it is of interest to define a region around the centroid within which the
load P will induce compression over the entire section. This region is called the core or Kernel of
the section. For the rectangular section, the core is as shown in Figure 1.12. Therefore, the core of
the rectangular section is the area of the shaded portion.
Core of rectangle = 4 x (1 X b x EJ
2 6 6
_ bd
18

1
i

e -);(— e =
>

pu

Figure 1.12 Core of rectangular section
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1.9.6 Numerical Examples

Example 1.1: A rectangular column of breadth 300 mm and width 200 mm carries a load of 120
kN at an eccentricity of 80 mm in a plane bisecting the width. Find the maximum and minimum
stresses in the section.

Solution:

The eccentricity is with respect to Y-axis as shown in Figure 1.13(i). Therefore, the moment causing
the bending stressis M, =P-e, .

Since the load is applied with an eccentricity in one direction, the fibre BC develops
compressive stresses due to both direct and bending actions, and the fibre AD develops compressive
stress due to direct action and tensile stress due to bending action. The resultant stress is obtained
using the following formulas.

P P,
Opgc = T

A Z,
P P-e
A Z

yy

Oap =

where
P =120 kKN=120x10°® N
A=bxd
=300x 200 =60x10® mm?
e =80 mm

o

vy

6
2
_ 200300 4 405 s

__120x10° (120x10°)(80)
¢ 60x10° 3x10°
=2.0+3.2=5.2 N/mm* (compression)

120x10° (120x10°)(80)
70 760x10"  3x10°
=2.0-3.2=-1.2 N/mm? (tension)
The stress distribution is shown in Figure 1.13(ii). The distribution is same for the fibre DC.
The subscript BC in oy indicates that the stress obtained is uniform from B to C

(i.e, 5.2 N/mm?), and similarly, the subscript AD in o, indicates that the stress obtained is

uniform from A to D (i.e., —1.2 N/mm?). Therefore, the maximum stress is 5.2 N/mm?
(compression), and the minimum stress is —1.2 N/mm? (tension).
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Y
D ib C
1
; 1
0 1 P 200 mm
X =-F-=-=---- _i._._._._ - _._X
d P &
!
Al 300 mm |B
1
Y
(i) Cross section
(compression)
12w ]

(tension)

(i) Stress distribution across AB

............................................................................................

Flgure 1 13 Section and stress distribution (Example 1.1)

Example 1.2: A rectangular column of breadth 300 mm and width 200 mm carries a load of 120
kN at an eccentricity of 30 mm in a plane bisecting the width. Find the maximum and minimum
stresses in the section.

Solution:
The eccentricity is with respect to Y-axis as shown in Figure 1.14(i). Therefore, the moment causing
the bending stressis M, =P-e, .

Similar to Example 1.1, the fibre BC develops compressive stresses due to both direct and
bending actions, and the fibre AD develops compressive stress due to direct action and tensile stress
due to bending action. The resultant stress is obtained using the following formulas.

P P-e
yado-AD _Z

vy vy

Ogc =—+

where
P =120 kN=120x10°* N
A=bxd =300x200=60x10° mm?
e, =30 mm
Z,, =db?/6=3x10°mm°

120x10° . (120><103)(30)
O, =
% 60x10° 3x10°
=2.0+1.2=3.2 N/mm? (compression)
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_120x10° (120x10°)(80)

7 =60 x10° 3x10°
=2.0-1.2=0.8 N/mm? (compression)

Y
D ib C
1
; 1
0i P 200 mm
X - Gge--e- -]--X
d P
!
Al 300 mm B

(i) Cross section

3.2 N/mm?

(compression)

(ii) Stress distribution across AB

Figure 1.14 Section and stress distribution (Example 1.2)
The stress distribution is shown in Figure 1.14(ii). The distribution is same for the fibre DC.
The subscript BC in o, indicates that the stress obtained is uniform from B to C (i.e., 3.2 N/mm?)
, and similarly, the subscript AD in o,y indicates that the stress obtained is uniform from A to D

(i.e., 0.8 N/mm?). Therefore, the maximum stress is 3.2 N/mm? (compression), and the minimum

stress is 0.8 N/mm? (compression). Unlike in Example 1.1, the resultant stress at all fibres is
compressive.

Example 1.3: A rectangular column of breadth 300 mm and width 200 mm carries a load of 120

kN at an eccentricity of 50 mm in a plane bisecting the width. Find the maximum and minimum
stresses in the section.

Solution:

Here the eccentricity is with respect to Y-axis as shown in Figure 1.15(i). Therefore, moment
causing the bending stressis M, =P-e, .

Similar to Example 1.1, the fibre BC develops compressive stresses due to both direct and
bending actions, and the fibre AD develops compressive stress due to direct action and tensile stress
due to bending action. The resultant stress is obtained using the following formulas.

P P-e
Opgc = T

A Z

vy




P-e

y

Z

yy

p
O ap ZZ

where
P =120 kN=120x10°* N

A=bxd =300x200=60x10> mm?

e, =50 mm
_db® _ 200(300)°
6 6
120x10°  (120x10°)(50)
%8 T G0x10° | 3x10°

z

yy

=3x10°mm?

=2.0+2.0=4.0 N/mm? (compression)

120x10°  (120x10°)(50)
0 TT60%10° | 3x10°
~2.0-2.0=0 N/mm?
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The stress distribution is shown in Figure 1.15(ii), and the distribution is same for the fibre DC.
The subscript BC in o, indicates that the stress obtained is uniform from B to C (i.e.,

4.0 N/mm?), and similarly, the subscript AD in o, indicates that the stress obtained is uniform

from A to D (i.e., 0 N/mm?). Therefore, the maximum stress is 4.0 N/mm?(compression), and the
minimum stress is 0 N/mm? . Unlike in Example 1.1, the resultant stress, no tensile stress is resulted

and stress is zero at one fibre.

Al 300

1

1

1

T
mm

(i) Cross section

T I 4 N/mm?
0 L3

(ii) Stress distribution across AB

Figure 1.15 Section and stress distribution (Example 1.3)
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Note:

i) In Examples 1.1-1.3, all the data except the value of eccentricity are same. The different
values of bending stresses due to different eccentricities offered three possibilities of
resultant stresses as explained in Figure 1.10.

i) Ifthe load was applied eccentrically in a plane bisecting the breadth, then the bending stress
would be M,, =P -e,, and the corresponding bending stress would be Pe,/Z  , where

Z,, =bd?/6. These stresses need to be computed in the fibres AB and DC. Hence the stress
variation would be across BC, which is same as AD.

Example 1.4: A rectangular column of breadth 300 mm and depth 200 mm carries a load of 120 kN
at an eccentricity of 90 mm and 75 mm with respect to YY and XX axes respectively as shown in

Figure 1.16. Find the resultant stresses at extreme corners, and draw the distribution along all four
edges.

Y
D b C

1

T
O S T K.

d i €

1€ o |
Al 300 mm B

Y

................................................................................

Figure 1.16 Section with biaxial load (Example 1.4)
Solution:
Since the eccentricity is with respect to both the axes, the moments causing the bending stress are
M, =P-e,and M, =P-e, .
As seen in the previous example, the compressive stresses are developed on all edges as direct
stress. Independently, M, causes the bending stress (compression) in fibre AB and bending stress
(tension) in fibre CD. Similarly, M causes the bending stress (compression) in fibre CB and

bending stress (tension) in fibre AD. This act of biaxial bending results in non-uniform stresses on
all four edges. Hence, stresses need to be calculated at the corners to obtain the distribution of
stresses along the edges.

Pe  Peg

z, Z

XX yy

Resultant stresses at the corners = — +

>|T
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where
P =120 kN =120x10°® N
A=bxd =300 x 200 = 60000 mm?
e, =75mm; e, =90 mm
M,=P-e, =120x10° x75=9.0x10° Nmm
M, =P-e, =120x10°x90=10.8x10° Nmm
B bd? B 300(200)*

"="g =2x10°mm®
2 2
Z, = % = —200(200) =3x10°mm®
3
P 120107 _; o Nimme
A 60x10
6
Mo 29107 _ 4 5 N/mme2
Z, 2x10
M 6
M, _208x10° o o
Z, 3x10
P M, M,
Stressat A, 0y =—+——-——
Az, Z,
=2.0+4.5-3.6=2.9 N/mm* (compression)
Stress at B, o —E+ M, +=—
P Az, Z,
=2.0+4.5+3.6=10.1 N/mm?* (compression)
P M, M,
Stressat C, o =—— +—=
Az, Z,
=2.0-4.5+3.6=1.1 N/mm? (compression)
P M, M,
Stressat D, 0, =———————
Az, Z,

=2.0-45-3.6=-6.1 N/mm” (tension)

The stress along the edge AB varies from 2.9 to 10.1 N/mm?, and across the edge DC it varies
from —6.1to 1.1 N/mm?. Similarly, in the other direction, the stress varies from 10.1 to 1.1 N/mm?

across the edge BC, and —6.1to 10.1 N/mm? across the edge AD. These stress distributions are
shown in Figure 1.17. All positive stress values are considered compressive and negative stress
values are considered tensile.
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— 1.1 N/mm’

o 6. ; W (compression)
tension

Stress across DC

Stress across AD
b
o, 1
1
1
1
i
R Lo_ - -
jol
mm —){ O
“\T\T\f\
Stress across BC

29
10.1

[
10.1 N'mm®
29 (compression)

(compression)
Stress across AB

Figure 1.17 Stress distribution across the edges (Example 1.4)

Example 1.5: A hollow rectangular column with external dimensions of 15002500 mm and
internal dimensions of 900x1600 mm carries a compressive load of 1500 kN at an eccentricity of
700 mm in a plane bisecting the breadth. Find the maximum and minimum stresses in the section.

Solution:
The eccentricity is with respect to X-axis as shown in Figure 1.18(i). Therefore, the moment causing
the bending stressis M, =P -g, .

Since the load is applied with an eccentricity in one direction, the fibre CD develops
compressive stresses due to both direct and bending actions, and the fibre AB develops compressive
stress due to direct action and tensile stress due to bending action. The resultant stresses along the
extreme fibres are obtained using the following formulas.

; P P-e
The maximum stress, o, =—+ X
A Z,
The minimum stress, o, _P_Pg
A Z

XX

where
P =1500 kN =1500x10° N
A=(BxD-bxd)=1500x 2500 —900x1600 = 2.31x10° mm’
e, =700 mm

_1(BD®-hd®) 1(1500x 2500° —900x1600°

- 6( D J 6[ 2500

XX

J =1.31674x10°mm?®
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1500x10°  (1500x10%)(700)
= +
2.31x10°  1.31674x10°
=0.649 +0.797 =1.446 N/mm?* (compression)

1500x10° (1500 x10° ) (700)
2.31x10° 1.31674x10°
=0.649-0.797 = -0.148 N/mm? (tension)

Stress at fibre CD, o,

Stress at fibre AB, 0,5 =

The stress distribution is shown in Figure 1.18(ii). The maximum stress is 1.446 N/mm®
(compression), and the minimum stress is 0.148 N/mm? (tension).

1
D Y C 1.446 Nfmm?
- . .
1 N
*p —
1
e —
2500 i
XLl 1X —
1600 i
1
1
1
L Y

A ) B -0.148
j«— 900 —
f—1500 mm —>{
(i) Cross-section (i) Stress distribution

Figure 1.18 Section and stress distribution (Example 1.5)

Note:

The load applied in the hollow portion does not necessarily mean that the load is not transmitted
through the column. Similarly, the stress will exist at the base under the hollow portion as shown
in Figure 1.18(ii). However, the stress distribution needs to be represented only for the solid portion
when the distribution is drawn at a section other than the base (e.g., at mid-height).

Example 1.6: If a solid circular column of diameter 450 mm is subjected to a load of 200 kN at the
outer edge, determine the maximum and minimum stresses in the section.

Solution:

Since the load is applied at the outer edge of circle, the eccentricity is the same at all the edges from
the centroid of the circular section. Therefore, the maximum stress (i.e., compression) occurs at the
location of load, and the minimum stress (i.e., tension) occurs at the opposite edge of the circular
section. Let the eccentricity be considered with respect to Y-axis as shown in Figure 1.19(i).
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P-e
Opax =Op =— + z
yy
o o P P'ey
min — YB T
A Z,
where

P =200 kN =200x10°*N
7D? B 7(450)?

A= 2 =159.043x10* mm?
e, =225 mm
3 3
z, =70 A0 _g 946,10t mm?
2 R

3 200x10°)(225
Stress at D, o, = 20010 3+( )(6 )
159.043x10 8.946x10
=1.258+5.030 = 6.288 N/mm? (compression)
3 200x10°)(225
Stress at B, o, = 200X10 3_( )(6 )
159.043x10 8.946x10

=1.258-5.030 = —3.772 N/mm? (tension)
The stress distribution across DB is shown in Figure 1.19(ii).

‘A
| 450 mm
!

(i) Cross section

6.288
(compression)

(i) Stress distribution across AB

3.772 N/mm?
(tension)

Figure 1.19 Section and stress distribution (Example 1.6)
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Example 1.7: A hollow circular column of outer diameter 450 with 75 mm thickness is subjected
to a load of 200 kN applied at an eccentricity of 100 mm with respect to X-axis. Find the maximum
and minimum stresses in the section.

Solution:

The eccentricity is with respect to X-axis as shown in Figure 1.20(i). The maximum stress at A and
minimum stress at C are calculated using the following formulas.
P N P-e P P-g

max A N min C A ZXX
where
P =200 kN =200x10°N
e, =100 mm
z(D?-d?) (4507 —300?

A= ( )= ( )=88.357 x10° mm?

4 4
z(D*=d* 7(450* —300*

Z, = ( ) = ( ) =7.179%10°mm?®

32D 32(450)

s (200x10°)(100)
Stressat A, o, = 20010 5+ ( ) s
88.357 x10 7.179x10
=2.264 + 2.786 =5.050 N/mm? (compression)

3 200x10°)(100
Stressat C, o, = 200x10 3_( )(6 )
88.357 x10 7.179x10
=2.264—2.786 = —0.522 N/mm? (tension)
The stress distribution across AC at the base is shown in Figure 1.20(ii).

c'Y 0522
X._. B. —]

A 5.05 Nimm?

"5 7 300 175

(i) Cross-section (i) Stress distribution

Figure 1.20 Section and stress distribution (Example 1.7)
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Example 1.8: A rectangular column of 300x450 mm is subjected to an anti-clockwise moment of
5 kNm about X-axis. Find the maximum and minimum stresses in the section.

Solution:

The column is not subjected to any axial or eccentric loads as shown in Figure 1.21(i). Therefore,
no direct stress is developed at the base. However, the moment applied causes bending stresses.
The maximum and minimum stresses at the opposite sides are obtained as follows.

P M,
O=—2=
A Z,
6
Stress at fibre AB, &, =0+ _ ox100
(3004507 ) /6
=0.494 N/mm? (compression)
6
Stress at fibre CD, o, = O_A
(3004507 ) /6

=-0.494 N/mm? (tension)
Since the magnitude of the stress is same at the two opposite edges, the maximum compressive and
tensile stresses are equal to 0.494 N/mm?. The stress distribution at the base is shown in Figure
1.21(ii)

1
A}(—300mm—)|B

(i) Cross-section (ii) Stress distribution

0.494 N/mm?

Figure 1.21 Section and stress distribution (Example 1.8)

Example 1.9: A rectangular column of 300x450 mm is subjected to a load of 10 kN at the mid-
point of extreme fibre DC and an anti-clockwise moment of 5 kNm about X axis as shown in Figure
1.22(i). Find the maximum and minimum stresses in the section.

Solution:

The point load (i.e., 10 kN) causes the direct stress (compression) across the entire section. It also
develops a clockwise moment of 2.25 kNm (i.e., 10x0.225) which causes the bending stress
(compression) in fibre DC and the bending stress (tension) in fibre AB. In addition, the moment
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applied (i.e., 5 kNm) causes bending stress (compression) in fibre AB and bending stress (tension)
in fibre DC.

Therefore, the resultant stresses are calculated using the following formula.

10x10° _(10x103)(225)+ 5x10°
(300 450) (300x450%) /6 (300x 4507 ) /6

=0.074—-0.222+0.494 = 0.346 N/mm® (compression)

10x10° (10x10°)(225)  s5x10°
(300x450)  (300x450°)/6 (300x450%)/6

=0.074+0.222 —0.494 =—0.198 N/mm’ (tension)

The maximum stress is 0.346 N/mm? (compression) at the extreme fibre AB and the minimum
stress is 0.198 N/mm? (tension) at the extreme fibre DC as shown in Figure 1.22(ii).

Stress at fibre AB, o5

Stress at fibre DC, o =

D 1y C -0.198 N/mm?

; &
A j«— 300 mm —{ B 0.346 N/mm?

(i) Cross-section (ii) Stress distribution

Figure 1.22 Section and stress distribution (Example 1.9)

Note:

In the numerical examples, the nature of bending stress is diagnosed by realising the moment

whether it causes the compression or the tension. The results can also be obtained by properly

substituting the coordinates of eccentricity (i.e., + or —) in the resultant stress equation as
P P-e P-e

oc=—+ +

A Z z

XX yy
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Example 1.10: A column of 300x300 mm is made up of concrete with maximum allowable
compressive stress of 25 N/mm? and maximum allowable tensile stress of 3.5 N/mm?. Find the
greatest load that can be applied with an eccentricity limited to 75 mm on the column.

Solution:

Since the maximum and minimum stresses are limited to 25 N/mm? (compression) and 3.5 N/mm?
(tension) respectively, the appropriate formulas can be used as follows.

o =P.Pe_op
A Z

max

_P_Pe_

Opin =————=-3.5
A Z
From the maximum stress equation,
P(75
P + ( ) =25.0
(300x300)  (300x300)/6
|P =900x10° N|
Similarly, from the minimum stress equation,
P(75
P____ P _ 45

(300x300) (300x300°)/6

|P =630x10° N|
When P =900x10° N is applied, the opposite extreme fibres will result in 25.0 N/mm?
(compression) and 5.0 N/mm? (tension). In this case, even though the compressive stress is within
the allowable value (o, <25.0 N/mm?®), the tensile stress (5.0 N/mm3?) exceeds the

allowable value (i.e., o, <3.5 N/mm?), which is not desirable.

On the other hand, when P =630x10° N is applied, the opposite extreme fibres will result in
17.5 N/mm? (compression) and 3.5 N/mm? (tension), which satisfies the conditions. Therefore, the
greatest load that can be applied safely is P=630x10° N.

ompression

Example 1.11: A steel column shown in Figure 1.23 carries a vertical compressive load of 2100
KN. Find the maximum allowable eccentricity of the load from X-axis (e, ) if the maximum tensile

stress is not to exceed 200 N/mm?2.
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v | . ] 10mm

Figure 1.23 Steel column with I-section (Example 1.11)

Solution:
Since the tensile stress is limited to 200 N/mm?, the eccentricity can be obtained from the following
formula.
P P-e
A Z,
where
P =2100 kN =2100x10°N
A=(100x10+10x130+100x10) = 3300 mm?
As the section is symmetrical about both the axes, the moment of inertial can be obtained by

considering the section as hollow rectangular section with 100x150 mm as outer dimensions and
90x130 mm as inner dimensions.
(100x150°) - (90x130°)

I =11.6475x10°mm*
12

=-200

z ——tw __1553510°mm’
(150/2)

2100 x10° (2100 x10° ) -8,
3300 155.3x10°

636.364 —13.522¢, =-200

=-200

e, =61.852 mm|

The limiting value of eccentricity from the X-axis is 61.852 mm to satisfy the allowable tensile
stress criterion. If the same example were to be solved by limiting the maximum compressive stress
of 200 N/mm?, then the eccentricity would be 32.271 mm.
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Note:

For the built-up sections, the moment of inertia can be determined by applying the parallel axis
theorem.

1.10 Analysis of Chimney

Vertical structural elements like chimneys, pillars and walls are subjected to wind pressure. This
wind pressure induces loads on the elements that will depend on the angle at which the wind strikes,
and the shape of the exposed surface. The weight of the structure causes direct stress (compression)
while the wind load introduces bending moment leading to bending stresses at the base.

Wind force (P) is equal to the product of the intensity of wind pressure () and the surface

area (A,) exposed to wind as shown in Figure 1.24.

Elevation
D v c
IIIIIIIIIII.IIIIIII II
5 X
[ = R . =
i d
IIIIIIIIIIIIIIIIIIIIII
A b ! B

....................................................................................

Figure 1.24 Wind pressure on chimney

However, this wind force is obtained by introducing the coefficient of wind resistance (K )
when the pressure acts on circular or inclined surfaces. If the wind pressure is assumed to be
uniform on the entire surface, the wind force can be considered to be concentrated at the centroid
of the exposed area.
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P=k-p-A (1.16)

where P is concentrated wind force, p is wind pressure, and A, is exposed area. The coefficient
of wind resistance is obtained as

k =sin’ @ (1.17)
where @ is the angle of wind direction with the surface. If the wind pressure is acting perpendicular
to a flat surface, thenk =1. For inclined surfaces (e.g., 6 =45°), k =0.5, and for circular surfaces,
k=2/3.

Mostly, chimneys are massive in nature. Hence, the weight of the chimney acts as a
compressive vertical load which causes direct stress, and the wind force acts as horizontal (lateral)

load causing the bending stress at the base. The resultant stress is obtained using the following
formula.

(1.18)

where W =V - p is the weight of the structure
V is the volume of the structure,
p Is the density of the structure,
A is the area of cross-section,
M is the moment due to wind force,
Z is the section modulus about the axis of bending.

1.10.1 Numerical Examples

Example 1.12: A square chimney of 12.5 m high has an opening of 1.2x1.2 m inside. The wall
thickness is 450 mm. If the horizontal wind pressure is 1.1 kN/m? and the weight density of chimney
is 18 kN/m?, determine the maximum and minimum stresses at the base.

Solution:
The dimensions of the chimney are shown in Figure 1.25. Let the wind pressure act on the side AD.

D , C
. 450 mm
- [ R —— : ....... [ . 1200 mm
; 450 mm
A i é7

Figure 1.25 Section of hollow square chimney (Example 1.12)
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The weight of chimney causes the direct stress (compression) at base throughout the section,
and the wind force causes bending stresses at the base, precisely compression at fibre BC and
tension at fibre AD. Therefore, the maximum stress will occur at BC and minimum stress will occur
at AD.

. W M
The maximum stress, 0, =0gc =—+——
A Z,
- W M
The minimum stress, O, =0xp =———=—
A Z,

where
Cross-sectional area, A=(2.1x2.1)—(1.2x1.2)=2.97 m* =2.97x10° mm’
Weight, W =V - p=(A-h) p=(2.97x12.5)(18.0) = 668.25 kN

Moment, M :P-gz(k. p.p\a)g

= (L.0x1.15x (2.1><12.5))[%J:188.672 kNm

(2.1>< 2.13)—(1.2><1.23)
12

Moment of inertia, 1, = =1.447875 m*

] |
Section modulus, z, = E f/z) =1.37893 m® =1.37893x10°mm?

The maximum stress, G, = Opc = 668.25x10° + 188.672x10°
$ T T TR T 2.97x10° T 1.37893x10°

=0.225+0.137 =0.362 N/mm? (compression)

The minimum stress, o, =0, _ 668.25x10° 188.672x10°
oomin AR T 9 97%10° 1.37893x10°

=0.225-0.137 =0.088 N/mm? (compression)

Example 1.13: A circular masonry chimney with an external diameter 1.2 m and internal diameter
0.6 m is subjected to wind pressure 1.5 kN/m?. Determine the maximum height of the chimney if
the stress (compression) is limited to 120 kN/m? at the base. Assume the unit weight of masonry is
18 kN/m®. Also check whether the masonry is safe if no tension is allowed.

Solution:

Let the wind pressure act normal to D as shown in Figure 1.26. The weight of the chimney causes
the direct stress (compression) at the base throughout the section, and the wind force causes bending
stresses at B (compression) and at D (tension).
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Figure 1.26 Wind pressure on chimney (Example 1.13)
The maximum stress will occur at B and minimum stress will occur at D.

w M
Oy =Op = +—-—
Az,
w M
Omin =0Op =" "5
Az,

Here, the height of chimney needs to be determined so that the maximum stress is 120 kN/m2.

w M
Therefore, —+—=120.
A Z,
Let the height of chimney be “h” in metres.

7;(1.22 —0.62)

Cross sectional area, A= =0.848230 m*

Area exposed to wind, A, =1.2xh=1.2h m?

Volume, V =A-h=0.84823h m®
Weight, W =V -p:(0.84823 h)(18.0) =15.26814 h kN

Wind force, P=k-p- A, =§x1.5><(1.2 h)=1.2 h kN

Moment due to wind force, M =P g =(1.2 h)g =0.6 h? KNm
I l(Dd _dA) T
Section modulus about Y-axis, Z,, = (D72) - 54 R 32D( t-d)

. T
32(1.2)

(12 - 0.64) =0.159043 m?
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Substituting the above values in o, expression:
15.26814 h N 0.6 h? 3
0.84823  0.159043
3.772565 h? +18.0 h—120.0=0
By solving the quadratic equation, h=3.738 (or) —8.509

Therefore, the height of chimney, |h=3.738 m|, because h =-8.509is inadmissible.

In order to determine the height of chimney for no-tension condition, the minimum stress at D
should be zero.
W M

———=0
A Z,

15.26814h 0.6 h*
0.84823  0.159043

18.0 h=3.772565 h?

Since the height already obtained (i.e, 3.738 m) is less than height required to develop tension
(i.e, 4.771 m), the masonry with h =3.738 m is safe.

Note:
The maximum and minimum stresses for different values of height are presented in Table 1.2.

Table 1.2 Maximum and minimum stresses

h W/A M/zZ O max Oin
(m) (KN/m?) | (kN/m?) | (KN/m?) | (KN/m?)
8.0 1440 | 241.4 | +3854 | -97.4
7.0 126.0 | 1849 | +3109 | -589
6.0 108.0 | 1358 | +2438 | -27.8
5.0 90.0 94.3 +184.3 4.3

4771 85.9 85.9 +171.8 0
4.0 72.0 60.4 +132.4 | +11.6

3.738 67.3 52.7 +120.0 | +14.6
3.0 54.0 34.0 +88.0 +20.0
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From the above table, when the height is 3.738 m, the stress (compressive) at B reaches the limiting
value (i.e., 120 kN/m?), while stress at D is also compressive (+14.6 kN/m?). However, when the
height is 4.771 m, even though the stress at D satisfies the no-tension condition (i.e., 0 kN/m?), the
stress (compressive) at B (i.e., 171.8 kN/m?) exceeds the limiting value of the material (i.e., 120
kN/m?), which is not desirable.

Example 1.14: Design a hollow rectangular chimney that develops no-tension at the base with the
following details.

Outer breadth of chimney =B

Outer depth of chimney, D=%B

Inner breadth of chimney, b =B/2

Inner depth of chimney, d = D/2

Height of chimney, h=10B

Unit weight of chimney, p =24 kN/m®

Wind pressure acting on the shorter side, p=1.5m?

Solution:

The design of chimney necessarily means obtaining the dimensions of the chimney by satisfying
the given condition (i.e., no-tension at the base). Since only one condition is available to be
satisfied, we can solve for only one unknown. In this case, all the geometric dimensions of the
chimney can be represented in terms of outer breadth ( B).

AL (1.19)
A Z,

Cross-sectional area, A=(BD —bd)

=(BX§B——.(§B)]=B—2

2 2 2

w

Exposed area to wind, A, =Dxh
=[3 BJ(105)=@BZ
3 3
Volume of chimney, V = A-h
2
=£B?x108]=583

Weight of chimney, W =V - p
=(5B°)(24.0)=1208°
Wind force, P=k-p- A

=1.Ox1.5x[2—3? BzJ =10B?
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Moment due to wind force, M =P (gJ

=(1OBZ)[1OTBJ=SOB3

I
Section modulus, Z,, = —~

(B/2)
(DB -db’) /12 :(%B- B3—%B'(%B)3)/12 _58°

(B/2) (B/2) 48
Substituting the above in Eq. (1.19)
120B° 50B°

(B%/2) (5B%/48)

Since, the value of B is known, all the remaining dimensions can be obtained.

D=33=§(z.o)=1.333 m

1.11 Analysis of Dams

A gravity dam is a solid structure, generally made of masonry or concrete, constructed across a
river to create a reservoir on its upstream. The forces acting on gravity dams such as self-weight,
water pressure etc. are resisted by their own weight. Rectangular and trapezoidal are the commonly

preferred shapes for solid gravity dams, and a typical section is shown in Figure 1.27.

Analysis of dams involves the determination of stresses at the base, and checking the conditions
of stability against tension, sliding and overturning by considering a unit length of the structure.
The impounding water exerts pressure on the vertical wall in upstream side, and this pressure varies
linearly from zero at the surface of water to yh at the bottom, where » is the unit weight of water,

and h is the height of water. Since the pressure distribution is a triangle, the horizontal thrust is the

area of the distribution which acts at h/3 from the base.
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downstream

Figure 1.27 A typical section of gravity dam

1.11.1 Analysis of Rectangular Dam

Consider a rectangular dam that retains water on one of its vertical sides as shown in Figure 1.28.

11
- _.E e e i e . ————

g

vl

Figure 1.28 Rectangular dam

rh A 6} B

Sectional elevation

—e—
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The weight of the dam acting vertically is obtained by
W=V p=(A-H)p=(bxdxH)p (1.20)
where V is the volume of the structure, p is the density of the structure, A is the area of the

structure resisting the weight, H is the height of the structure, b is the breadth of the structure and
d is the width of the structure (i.e., unit length in Y-direction). Since, the section is a rectangle, the
centre of gravity X =b/2 from point A.

Lateral thrust on the dam acting horizontally is obtained by
1 1
P==7h-h==vh? 121
57 57 (1.21)

where y is the unit weight of water, and h is the height of water retained.

The dam is subjected to two forces, W and P. Let the resultant R meet the base at E at a
distance “e ” from O as shown in Figure 1.29.

Figure 1.29 Resultant force in rectangular dam

Using Varignon’s theorem of moments, (i.e., the sum of moments of all forces about any point is
equal to the moment of their resultant about the same point), the eccentricity (e ) is calculated as

Px%—WszRxO

Ph
W 3
The dam is in equilibrium under the action of the following forces:

i) Weight of the dam (W )acting vertically downwards through the centre of gravity

if) Horizontal thrust ( P) due to water pressure acting at h/3 from the base

iii) Reaction offered at the base for the resultant (R in opposite direction.

The horizontal component of R at E is resisted by frictional resistance against sliding at the
base, and the vertical component of R is resisted by normal reaction at the base. Since this vertical

component acts at an eccentricity e from O, the section at the base will be subjected to both direct
and bending stresses.

e= (1.22)
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Therefore, o0 =— =+

>|=

M
Z

where
Weight of dam, W=V x p=(A-H)-p
Area of section resisting the weight, A=(bxd)=(bx1)=b
Moment causing the bending stress, M =W -e

db®> (1)b* p?

Section modulus, Z =
6 6

w|=

Eccentricity, e=

=|lv

Substituting the above expressions in the resultant stresses equation,
W W-e WL GeJ

:—i—:— i_

b~ (b*/6) bL b

The maximum stress occurs at B (always compression), and minimum stress occurs at A
(compression or tension depending on the value of eccentricity).

(1.23)

O = O —W—£1+—66J 1.24
max — B T b b ( . )
min A b b ( . )

1.11.2 Analysis of Trapezoidal Dam

Consider a trapezoidal dam that retains water on its vertical side as shown in Figure 1.30. Similar
to the rectangular dam, the lateral (horizontal) thrust acting at h/3 from the base is

P= %yh2 (1.26)
The weight of the dam is calculated by considering the average breadth of the section
a+b
W:pr:(TJd-H-p (1.27)

Unlike the rectangular section (in which the centre of gravity x =b/2), for trapezoidal section,
the centre of gravity (C.G.) is calculated using a formula. If X is the centre of gravity (at which W
acts vertically) measured from the face of the vertical wall, then
1 { a’+ab+b’ J

X==
a+b

3 (1.28)
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where “a” is the top side and “b ™ is the bottom side, and the value of X always lies between b/3

and b/2 for all the general conditions where a<b.

H
h
P
h
3
A\
N
y!
N | 1
FE | ......... _..d
O
; 1
[e—Db/2 —>le—1D/2 —>
N
N

Cross-section at base

Figure 1.30 Trapezoidal dam

Let point F be the distance of C.G. from A (i.e., AF=x), and point O be the mid-point at the
base (i.e., AO=b/2). The resultant (R) of weight (i.e., W , acting vertically at point F) and lateral
thrust (i.e., P, acting horizontally at h/3) meets the base at E at a distance of e from O as shown

in Figure 1.31.

Figure 1.31 Resultant force in trapezoidal dam
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Similar to the rectangular section, apply Varignon’s theorem by equating the sum of moments of
P and W about point E, with the moment of R about point E.

Lngj—(Wxx’)z(RxO)

NG (1.29)
W 3
Let x. be the distance between A and E.
Xe =X + X’ (1.30)

Since the vertical component of R acting at E is eccentric to the centroid of base, it causes both
direct and bending stresses. The eccentricity that causes bending stresses is

e=Xc —— (1.31)

The maximum and minimum stresses are determined using the same equation used for rectangular
section.

1.11.3 Condition to Avoid Tension

Since the section at the base is rectangle, the value of eccentricity is limited to b/6 for ensuring
compressive stress at the base without development of any tension (i.e.,e <b/6).

1.11.4 Condition to Prevent Sliding

The horizontal component of R (i.e., P) is resisted by the frictional force between the bottom of
the dam and the ground beneath, and it should be less than the limiting frictional resistance (F)
for ensuring safety against sliding. Therefore, the frictional resistance is obtained as

F= uxW (1.32)
where u is the coefficient of friction between the dam and the soil on which it rests.
The factor of safety is the ratio between the resistance offered by the frictional force and the
horizontal force which causes sliding, and the value should not be less than 1.0.
F uW
Fssliding = F = T
It is usual to design the dam such that the factor of safety against sliding is at least 1.50.

(1.33)

1.11.5 Condition to Avoid Overturning

For ensuring safety against overturning, it is necessary that the resultant must strike the base within
its breadth (i.e., point E should lie within the base AB). That means the overturning of the dam
occurs if the clockwise moment due to water thrust (P) about B exceeds the restoring moment due

to W about B.
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The overturning moment is the product of horizontal thrust and the distance of the force from
the base.

M, = ? (1.34)
The restoring moment is the product of the weight and its CG distance from the toe.
M, =W (b—X) (1.35)

The factor of safety is the ratio between the restoring moment and the overturning moment, and the
value should not be less than 1.0.

I:Sover'(urning = % (136)
o

It is usual to design the dam such that the factor of safety against overturning is at least 1.50.

1.11.6 Numerical Examples

Example 1.15: A trapezoidal masonry dam is as shown in Figure 1.32. Determine the maximum
and minimum stresses at the base if the unit weight of masonry is 18 kN/m?® and weight of water is
10 kN/mé.

20m |
15m :

Figure 1.32 Dimensions of trapezoidal dam (Example 1.15)

Solution:

Given data for the analysis are as follows.
Top breadth of dam, a=3.0 m
Bottom breadth of dam, b=7.5m
Width of dam, d =1.0 m (i.e., unit length)
Height of dam, H =20.0 m
Height of water, h=15.0 m

Density of water, y =10.0 KN/m®
Density of masonry, p =18.0 kN/m®
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As the dam is trapezoidal, the weight, W :(a;be Hxp

_(&0+75

J x20%18.0=1890.0 kN

Lateral thrust due to water pressure, P = % x yx h?

%xl0.0 x (15.0)* =1125.0 kN

Distance of centre of gravity from A, X 1fa’+ab+b’
: Vi x=o| 2 TETE
’ 3L a+b

2 2
_L30+BO(7H+TE |, ae
3 30+75

Therefore, eccentricity, e =X; —9
=5.762 _L25 =2.012m

The maximum and minimum stresses are calculated as
. =0, —W 1+ be
max B b b

_ 18792-0 [1+ 6 X72§12J —657.62 KN/m? (compression)

W[ GEJ
Omin =0 :F 1_F

~1890.0 1_ 6x2.012
7.5 7.5

=-153.62 KN/m? (tension)
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Example 1.16: A rectangular masonry dam of 18 m high is used to reserve water up to 15 m. Find
the minimum base width required if the unit weight of masonry is 22 kN/m? and weight of water is
10 kKN/m3. Take the coefficient of friction between masonry and ground is 0.6.

Solution:

Let the width of base be “b ™.
Weight of masonry, W =(bxdxH)p

=(bx1.0x18.0)22=396.0 b kN

Lateral thrust on the dam, P =%yh2
:%xle (15.0)> =1125.0 kN

Eccentricity, e =

S|v
w| =z

B (1125.0x15.0) ~ 625.0
~ (396.0bx3) 440D
Minimum width required to avoid tension at base is obtained by satisfying the condition &
W 6e .
O in = F[l_FJ =0 (thisis same as e <b/6)
625.0 Db
240b 6

Minimum width required to avoid sliding is obtained by equating the horizontal thrust with the
frictional resistance.

P=uxW

1125.0=0.6x396.0b

Since the minimum width required at the base to avoid sliding is less than the width required to
avoid tension, it is safe to provide b=9.232 m.

=0.

min

Example 1.17: A trapezoidal masonry dam of 18 m high is used to reserve water up to 15 m. Find
the minimum base width required if the unit weight of masonry is 22 kN/m?, weight of water is 10
kN/md, and the maximum normal pressure at the base varies from zero at one side to 550 kN/m? at
the other side.
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Solution:
Let the top width be a, and bottom width be b .

Weight of masonry, W =(a;bxd x HJp

:(a;b ><1.0><18.0J><22.0:198.0(a+b) kN
Lateral thrust on the dam, P = %yhz

:%xle(lS.O)z ~1125.0 kN

Since the stress varies from zero to 550 kN/m? at the base, no-tension condition is satisfied.
w 6e
Opin = E(l—g] =0, this leads to e=b/6.

Substituting e =b/6 in the maximum stress condition,

- :V—V(1+@J=550
b b

V—V(1+ szsso
b b

W 275.0
b

Substituting the value of W in the above equation,

w = 275.0 = 198.0a+198.0b = 275.0b

198.0a=77.0b =

Distance of centre of gravity X 1 +ab+ b’
i Vi == ——
g y 3 a+b

3 0.389b+Db

Distance of point at which R strikes, x. =X+ X’

2 2
_ 1((0.38%) +0.389b-b+b ]: 03700

=X+

=|v
w|=z
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—0.370p+ — 11250 (EJ
198.0(0.389b +b) | 3
:o.370b+%

.. b
Therefore, eccentricity, e=X; -3

~0370p+ 2228 D
b 2
24535 1
For no-tension condition to be satisfied, e=b/6.
20453 0.130b = b
b 6

20.453=0.297b’

Therefore top width, a =3.230 m, and bottom width b =8.303 m are provided.
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UNIT SUMMARY

v

v

\

DN N N

Basic equations to be satisfied while solving any structural analysis problem are
Equilibrium conditions, Compatibility conditions and Constitutive relations.

Two types of indeterminacies to classify the structures are Static and Kinematic
indeterminacies

Free-body diagram is a diagram that represents the structure graphically by replacing the
supports with respective reaction components

In axially loaded vertical members, the stress developed is the direct stress, o, = %

In eccentrically loaded vertical members, the stresses developed are the direct and bending

. P M
stresses: o, = and o, ==

The resultant stress is obtained by using o = P + x4
b-d Zz z

XX vy
Neutral axis is the layer within the section under bending where the stress is zero.
In a rectangular section, the limiting value of eccentricity to avoid tension is b/6 or d/6.
The wind force acting on chimneys is calculated as P=k - p- A

The conditions to be satisfied for the dams are safety against tension, sliding and
overturning

. . 1
Horizontal thrust on the dam due to water is calculated as P = §7h2
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EXERCISES

1.1. Distinguish between axial and eccentric loads.

1.2. Define bending stress.

1.3. Explain the different possibilities of resultant stresses.

1.4.  What is meant by core or Kernel? Write the importance of it.

1.5.  Write the stability conditions of masonry dam.

1.6. A circular column of 300 mm diameter carries an eccentric compressive load of 50 kN at
an eccentricity of 50 mm. Find the maximum and minimum stresses at the base.

1.7. A rectangular hollow column with outer dimensions of 300x450 mm and wall thickness
of 50 mm is subjected to compressive load of 100 kN acting at one of the exterior corners.
Find the maximum and minimum stresses at the base, and draw the stress distribution
across all four edges.

1.8. A hollow circular column with outer diameter of 200 mm and inner diameter of 150 mm
is subjected to an eccentric compressive load of 75 kN. Find the limiting value of
eccentricity to avoid tension at the base.

1.9. A cylindrical chimney with external diameter of 5 m and internal diameter of 2 m is
subjected to a wind pressure of 1.2 KN/m?. If the height of the chimney is 25 m, weight
density of the chimney is 22 kN/m* and coefficient of wind pressure is 0.6, find the
maximum and minimum stresses at the base.

1.10. A masonry dam 9 m high, 1.25 m wide at the top and 5.75 m wide at the base retains water
to a depth of 8.4 m, the water face of the dam being vertical. Find the maximum and
minimum stress intensities at the base. Water and masonry weigh 10 kN/m?® and 22 kN/m?
respectively.

1.11. A masonry dam of rectangular section 4 m high retains water. Find the width of the dam
section so that tensile stresses are just avoided. For this condition, find the maximum stress
in masonry for the base section. Water and masonry weigh 10 kN/m? and 22 kN/m?
respectively.

1.12. A trapezoidal masonry dam 9 m high retains water up to the top. The water face of the dam
is vertical. If the top width of the dam is 1.5 m, find the minimum bottom width required
to avoid tension in masonry. Take weight densities of water and masonry as 10 kN/m2and
22 kKN/m?3 respectively.

1.13. A masonry dam of trapezoidal section has a vertical water face and a height of 9 m. The

depth of water impounded is 8.4 m. If the top width of the section is 1.5 m, find the
minimum base width required for the condition of no-tension in masonry and also the
condition of no-slip for z=0.6. Take weight densities of water and masonry as 10 kN/m?

and 22 kN/m?3 respectively.
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QR Code for Direct and Bending Stresses

NPTEL Lecture: https://www.youtube.com/watch?v=iNG4bLMyeFA
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Slope and Deflection

UNIT SPECIFICS

This unit discusses the following aspects.
e Concept of slope and deflection
¢ Relationship among forces and displacements
e Double integration and Macaulay’s methods for displacement responses

RATIONALE

Force responses obtained from the analysis are primarily utilized to decide the dimensioning of
section during the design process. Displacement responses are employed to validate the design in
the form of serviceability requirement. In statically indeterminate structures, the displacement
responses serve as additional equations to analyse the structures for even force responses. This
chapter presents basic analytical approach of solving statically determinate structures for
displacement responses such as slope and deflection.

UNIT OUTCOMES

List of outcomes of this unit is as follows.

U2-0O1: Describe the concept of displacement responses

U2-02: Describe the concepts of stiffness and its importance

U2-03: Describe the relationship among forces and displacements

U2-O4: Application of double integration method to determine slope and deflection
U2-O5: Application of Macaulay’s method to determine slope and deflection

Mapping of Unit-2 Outcomes with Course Outcomes *

CO-1 CO-2 | CO-3 | CO4 | CO-5
u2-01 1 3 2 2 1
u2-02 1 3 2 2 1
U2-03 1 3 2 2 1
U2-04 1 3 1 1 1
U2-05 1 3 1 1 1

* (1- Weak correlation; 2- Medium correlation; 3- Strong correlation)
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2.1 Introduction

As already discussed, the force responses (e.g., maximum shear force and maximum bending
moment) are the primary input to the structural design process for dimensioning the sections.
However, displacement responses (e.g., maximum deflection) sometimes decide the proportioning
of sections for ensuring the serviceability requirements. In case of statically indeterminate
structures, when the available equilibrium equations are inadequate to solve for the unknown
reactions present in the free-body diagram, the solution process demands the displacement
responses for invoking the compatibility conditions in order to get the solution. Therefore, it is
essential to develop the ability to estimate displacements in statically determinate (just-rigid)
structures.

2.2 Stiffness

Stiffness is defined as the force required to cause displacement, which is inherent with the material,
and the inverse of stiffness is called flexibility. For example, in a bar element, if an axial load (P)

results in a deformation (&) then the stiffness of the bar is P/J , which is further written as AE/L

after substituting PL/AE for &, where AE is termed as axial rigidity. Similarly, when the
bending causes the deformation in elements or structures, the bending stiffness can be defined.

2.3 Flexural Deformation

When loads applied on a structure induce bending, the structure assumes a configuration that
satisfies external equilibrium under the combined action of the loads and reactions. Simultaneously,
internal forces are developed in the form of shear and moments throughout the structure. At any
point within the structure, there is a curvature consistent with the moment. These curvatures
accumulate as angle changes along the lengths, causing the member to deform into a bent
configuration. The elements of the deformed structure fit together in a compatible mode by
satisfying all the displacement boundary conditions.

2.4 Sign Conventions

Consider a beam subjected to arbitrary lateral loads as shown in Figure 2.1(i). An element length
dx of the beam at a distance x from the left support is acted upon by an external lateral load, and
internal shearing forces and bending moments. The bending moments on the elemental length dx
tend to convert the straight beam concave on its upper surface and convex on its lower surface (i.e.,
compression in the upper fibers and tension in the lower fibers). This phenomenon is called sagging,
and the corresponding moments are called sagging bending moments. The shearing forces on the
elemental length tend to rotate the element in a clockwise sense.

The clockwise shearing forces (Figure 2.1(ii)) and sagging bending moments (Figure 2.1(iii))
are considered positive. When the variations of shearing force and bending moment are represented
graphically along the beam (i.e., shear force and bending moment diagrams respectively), the
guantities are plotted above the centre line of the beam when positive, and below when negative.
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CL1 1y

K

welx
F F F+6F F+8F

D bM M( ﬂjl SM+SM - M+ am{ r D

dx

(i) Forces in an element

(ii) Clockwise (iii) Sagging
shearing forces ~ bending moment

Figure 2.1 Forces and their sign conventions

2.5 Flexural Force-Displacement Relationship

The straight beam takes curved profile due to the bending nature of loading which is termed as
flexural behaviour. The measurement of any point on the bent configuration from the original
position is called displacement. The measurement of displacement in linear direction is called
deflection while in rotational direction is slope. Typically, for a flexural member, the force-
displacement relationships must relate the end moments to the corresponding end rotations of the
member. Actually, shears and transverse deflections at the end need to be considered, but they are
neglected in the current formulation.

Consider a flexural member as shown in Figure 2.2. Let AB be an isolated element subjected
to sagging moment M as shown in Figure 2.2. As the element bends, the bottom fibres are
elongated while the top fibres are contracted. In between, there is a longitudinal fibre, called neural
fibre, whose length remains unchanged. The plane cross sections are assumed to remain plane even
after bending when the beam deflects.

The extensions of lines through cross sections at A and B intersect at O, called centre of
curvature, by forming an angle dé . If the tangents to the deflected neutral fibre are constructed at
points A and B, it is evident that d@ also measures the angular deformation over the length of the
beam element. The line BD constructed parallel to the deflected cross section at A creating triangle
BCD. Then, for small angles, comparing triangles BCD and OAB,

do=x_d 2.1)
Ry

where R is the radius of curvature of the element, y is the distance from the neutral fibre to the
topmost fibre, and di is the shortening of the top fibre.
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Figure 2.2 Flexural deformation of beam element

Eqg. (2.1) can be written as
dl vy
e 2.2
dx R 22
As the topmost fibre is essentially an axially loaded element, the application of respective
expressions for axial strain and subsequently axial stress in Eq. (2.1),

y
O = E— 2.3

where o is the stress in the top fibre and E is the modulus of elasticity. This fibre stress could
also be expressed by the familiar expression from basic mechanics that

azw (2.4)
where M is the moment acting on the element, and | is the moment of inertia. From Eqg. (2.3) and
Eq. (2.4),

1 M

- 25

R EI 29)

The transverse displacement A of the deflected structure can be related to the radius of the
curvature according to the elementary calculus relationship as
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d3A

1 2
= _ dx = (2.6)

2
+ l+(dA)
dx

where  (pronounced as Kappa) is defined as curvature. Here, A(x) is the deflection at a distance

x from the origin, and the gradient Z—A is the slope. Since the value of dA/dx is small compared
X

to unity, Eq. (2.6) reduces to

1 d*A
=_ =+ 2.7
R ~ dx? @0
Therefore, from Eq. (2.5) and Eq. (2.7)
d’A M
=+— 2.8
dx? El 28)
Eq. (2.8) is a force- deformation relationship. If the slope is represented as & =dA/dx then
i[d_AJ:%:iM 2.9)
dx\ dx dx El
Solution of Eq. (2.9) results in the quantities of slope and deflection as
OI—A=9= de+C1 (2.10)
dx El
A= 6 dx+C, (2.11)

where El is called flexural rigidity, C, and C, are the constants of integration.

Table 2.1 presents the relationship among the responses. From the curvature (which is generally
obtained as the bending moment divided by the flexural rigidity), first integration yields respective
slope quantities, and further integration of the slopes yields the deflections. This can also be
visualized in differential form starting from the deflection.

Table 2.1 Relationship among the responses

Deflection, A
dA
Slope, 0=—
= P dx
T 2p S
3 Moment, M = ElI d > '%
g dx 05,"
= 3 —
S Shear,V:d—M:EId—? =
dx dx
4
Load, W=d—V:EI d f
dx dx
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Different methods to estimate the slope and deflection quantities are as follows.
(i) Direct integration methods
(it) Graphical methods
(iii) Energy methods

Direct integration methods (Double integration method and Macaulay’s method) use the force-
deformation relationship as a differential equation. Solution of this differential equation by
applying appropriate boundary conditions yields the explicit expressions for slope (dA/dx), and

deflection (A). The primary advantage of the integration methods is the ability to get the
displacement quantities at any point along the length using the obtained explicit expressions. The
integration method is of greatest value when the loading is such as to produce a moment diagram
that is a continuous function over the entire length of the beam (e.g., cantilever beam subjected to
a point load at the free end; cantilever beam or a simply supported beam subjected to a uniformly
distributed load over the entire span). However, when the moment diagram has discontinuities (i.e.,
due to concentrated loads or internal reaction points occurring along the span), additional constants
of integration should be evaluated by applying continuity conditions. In those situations, graphical
methods (Moment-area method and Conjugate beam method) are considered to be superior for
general loading cases.

2.6 Double Integration Method

The governing differential equation of the elastic curve presented in Eq. (2.8) is written as

d’A
El =+M 2.12
Ve x (2.12)
Eqg. (2.12) can be directly integrated to obtain the solutions as
El d—A:J_r M. dx+C, (2.13)
dx
ElI A= M, dx+C, dx+C,=  M,dx dx+Cx+C, (2.14)

where C, and C, are the constants of integration. These constants can be determined using

boundary conditions, which are specific values of slope and deflection known at particular locations
along the span. Table 2.2 presents the boundary conditions for common types of supports.

Table 2.2 Boundary conditions

Support Slope Deflection
Fixed support 0=0 A=0
Hinged support 6 0 A=0
Roller support 6 0 A=0
Intermediate 0 0 A=0
Free er;d ¢ 0 A0
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For example, at the location of the fixed support in a beam, both =0 and A=0 can be
considered as two boundary conditions to solve for two constants of integration. In case of hinged
or roller supports, the non-zero boundary condition cannot be applied, hence A =0 can only be
applied. However, while solving simply-supported beam examples, A =0 at two support locations
offer two boundary conditions required for solving two constants of integration. After replacing the
values of the constants, Eq. (2.13) and Eq. (2.14) render the explicit expressions for determining
the values of slope and deflection respectively at any location along the span.

It is important to decide the sign (positive or negative) on the right side of Eq. (2.12). Consider
a beam subjected to sagging moments as shown in Figure 2.3. The value of rotation (dA/dx)

diminishes along the length as X increases. This means, a sagging moment results in negative
curvature. Therefore, the governing differential equation is written as

d’A
dx?
where M is the sagging bending moment.

El

M (2.15)

M ('\_/‘)M

Figure 2.3 Sagging bending moment

2.6.1 Numerical Examples

Example 2.1: A cantilever beam of span L is subjected to a concentrated load W at the free-end.
Using the double integration method, determine the slope and the deflection at the free-end. Also
find the slope and deflection at the mid-span.

Solution:

Figure 2.4 Cantilever beam with a concentrated load at free-end (Example 2.1)
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The cantilever beam with loading and the deflected shape are shown in Figure 2.4. Slope at B (i.e.,
0, ) is the angular deviation of point B with respect to the horizontal axis, and deflection at B (i.e.,
Ag) is the displacement of point in lateral direction as shown in Figure 2.4. The governing
differential equation of the elastic curve as given in Eq. (2.15) is
d’A
dx®
Take moment of all forces to the right of section XX by keeping the free end B as origin,

M =-W xx
Since the bending of the beam due to the load is hogging in nature, it is considered negative, and
this moment variation is a single continuous function for the entire span (i.e., for 0<x<L).
Substituting the moment expression in the governing equation,

2
El ((jj a =—(-Wx) =Wx

XZ

El -M

As already discussed, the above equation is a second-order differential equation, and the first
integration yields the expression for slope and the second integration yields the expression for
deflection as

2
Elf'j—A:Wx%w1 (2.16)
X

3

El A:Wx%+Cl><x+C2 (2.17)

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions (BC) as follows.
dA
dx
BC (ii): At the fixed end, the value of deflection is zero, x=L A=0
Substituting the first boundary condition in Eq. (2.16),

BC (i): At the fixed end, the value of slope is zero, x=L

2 W 2
EI(O):Wx(L) +C, => C, = WL
Substitute the value of C, in Eq. (2.16),
dA x> WL W, WL
El —=Wx—— =—X" -
dx 2 2 2 2
2
d_A:i V_VXZ_WL (2.18)
dx EI\ 2 2

Eq. (2.18) is the expression for determining the slope at any point between x=0 and x=L.
Similarly, substituting the second boundary condition in Eq. (2.17),

3
EI(O)ZW ><LE+C1><L+C2

The value of C, is already obtained. Therefore, by substituting C, ,
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3 2 3
0=WL WL xL+C, = C, W
6 2 3

Now, substitute the values of C, and C, in Eq. (2.17),
w & wL? VV_I_3

El A=— X+
6 2 3
1(W ., WE_ W
A:E 5 (2.19)

Eq. (2.19) is the expression for determining the deflection at any point between x=0and x=L.
(i) For determining the value of slope at the free-end (i.e., at B), substitute X =0 in Eq. (2.18).

da 1[__() WLJ WL

dx El 2El
_-w?
5 2El
(i) For determining the value of deflection at the free-end (i.e., at B), substitute x=0 in Eq.
(2.19).
1 WL2 WL3 WL3
a= = Vo -+ O |2
El ~ 3El
_WB
® 3El
(ii1) Similarly, for determining the value of slope at the mid-span (i.e., at C), substitute x=_L/2
in Eq. (2.18).
2 2
d_A:i V—Vx(L/Z)Z—WL —3wWL"
dx EI\ 2 2 8 El
_ 3w
° 8 El

(iv) Similarly, for determining the value of deflection at the mid-span (i.e., at C), substitute
x=L/2 in Eq. (2.19).

1(wW R W) 5 WL
A== Y2y -2 (L2)+
a(e L2y (L) 3J 48 El
_swe
© 48 EI

The values of slope and deflection are indicated in Figure 2.5.
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Figure 2.5 Representation of slopes and deflections (Example 2.1)

In general, in cantilever beams under normal loading conditions, both the maximum slope and
deflection occur at the free end only. Therefore,

wWL?

6 =0.=
max B 2E|
3
Amax :AB :WL
3El

Example 2.2: A cantilever beam of span L is subjected to a uniformly distributed load over the

entire length. Using the double integration method, determine the slope and deflection at the free-
end. Also determine the slope and deflection at the mid-span.

Solution:

Figure 2.6 Cantilever beam with uniformly distributed load (Example 2.2)

The loading and the deflected shape are shown in Figure 2.6. The governing differential equation
of the elastic curve as given in Eq. (2.15) is

2
Eldf:
dx

-M

Take moment of all forces to the right of section XX by keeping the free end B as origin,
M =—W><X><§=—VEVX2
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The bending moment is considered negative due to hogging nature, and the variation of moment is
a single continuous function for the entire span (i.e., for 0<x<L). Substituting the moment
expression in the governing equation,

2
El d—A_—(—ﬂxzjzﬂxz

dx® 2 2
The first and second integrations yield the expressions for slope and deflection respectively as
(da_w X e (2.20)
dx 2 3
4
Bl a=YxX ¢ xx+C, (2.21)
2 12

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.
dA
dx
BC (ii): At the fixed end, the value of deflection is zero, x=L A=0
Substituting the first boundary condition in Eq. (2.20)

3
EI(O)zVEVx(L)3+C1 ==

BC (i): At the fixed end, the value of slope is zero, Xx=L

Substitute the value of C, in Eq. (2.20)
dA W wl’

El =
dx 6 6
3
da_ 1wy wo (2.22)
o EI6 6

Eqg. (2.22) is the complete expression for determining the slope at any point between X =0and
x=L.
Similarly, substituting the second boundary condition in Eq. (2.21),

El (O)ZZ—VZX(L)4+C1><(L)+C2

The value of C, is already obtained. Therefore, substituting C,,

4 3 4
0-WL WL iic, oM
24 6 8
Now, substitute the values of C, and C, in Eq. (2.21)
3 4
Bl A= Wy WL, W
24 6 8

El\ 24 6 8

1(w wl o owl!
A=— [ x4 — x+—J (2.23)
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Eq. (2.23) is the expression for determining the deflection at any point between x=0and x=L.
(i) For determining the value of slope at the free-end (i.e., at B), substitute X=0 in Eq. (2.22).

d_A_i ﬂ % (0)° _W_L3 __WL3
dx El 6El
_—wl
®  6EI
(ii) For determining the value of deflection at the free-end (i.e., at B), substitute x=0 in Eq.
(2.23).
1 w WL3 wLt o wl
A_— —x(0)" ———x(0 —
El ( ) <O+ '8 SEl
_wl!
® 8El
(ii1) Similarly, for determining the value of slope at the mid-span (i.e., at C), substitute x=L/2
in Eq. (2.22).
dA 1 w WL3 7w’
=== Tx(L2)-
dx El 48 =
~7 wl?
° 48 El

(iv) Similarly, for determining the value of deflection at the mid-span (i.e., at C), substitute
x=1L/2 in Eq. (2.23).

1w wL? wL? 17 WL4
A=— L/2) ———x(L/2
El 24 ( / ) ( / )+ 8 384 El

17wl
384 El

C=

For this loading case also, both the maximum slope and deflection occur at the free end only
Therefore,

3

emax :eB = WL

6El

4

and (A, =47z = wi
8EI




Theory of Structures| 61

Example 2.3: A cantilever beam of span L is subjected to a uniformly varying load of w at the
fixed end and zero at the free end. Using the double integration method, determine the slope and
deflection at the free-end.

Solution:

The uniformly varying load considered is a triangle load with the intensity varying from w (per
unit length) at the fixed end A and zero at the free end B as shown in Figure 2.7.

Figure 2.7 Cantilever beam with uniformly varying load (Example 2.3)

The governing differential equation of the elastic curve as given in Eq. (2.15) is
d’A
dx?

Take moment of all forces to the right of section XX by keeping the free end B as origin,

M=- l><X><M l><X =—£X3
2 L )\3 6L

The bending moment is considered negative due to hogging nature, and the variation of moment is
a single continuous function for the entire span (i.e., for 0<Xx<L). Substituting the moment
expression in the governing equation,

2
Eld—A:—( w 3} Wy

El -M

——X
6L

dx’ T 6L
The first and second integrations yield the expressions for slope and deflection respectively as
4
dA_w X, (2.24)
dx 6L 4
5
El A= X 4 xx+C, (2.25)
6L 20

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At the fixed end, the value of slope is zero, X=L C;—A =0
X

BC (ii): At the fixed end, the value of deflection is zero, X=L A=0
Substituting the first boundary condition in Eq. (2.24)

w —wl®
El (O)ImX(L)4 +Cl = Cl = o4




62 | Slope and Deflection

Substitute the value of C, in Eq. (2.24)
3
El d_A = ﬂx“ _%
dx (24L 24

da _ 1[ W “—W—"SJ (2.26)

—=—| —X
dx EI\24L 24
Eq. (2.26) is the expression for determining the slope at any point between x=0and x=L
Similarly, substituting the second boundary condition and the value of C, in Eq. (2.25),
wL!

E1(0) = o= (L)° + [ 4LJ><(L)+C2:>C2=¥

Now, substitute the values of C, and C, in Eq. (2.25)

3 4
El A:( ad XS—WL x+WLJ

120L 24 30
1(w o w® w
(2.27)

= X —— X+
El| 120L 24 30

Eq. (2.27) is the expression for determining the deflection at any point between x=0and x=L
(i) The value of slope at the free-end (i.e., at B) can be obtained by substituting x=0 in Eq.

(2.26).
aa_1 w x (0)* _W_L3 _ow
dx EI 24L 24El
_—wl®
® T 24El
(i) The value of deflection at the free-end (i.e., at B) can be obtained by substituting x=0 in
Eq. (2.27).
1 wL3 wlt o owl
A== o x (0~ x () +— =
El 120L 30  30El
wL*

®  30El
For this loading case also, both the maximum slope and deflection occur at the free end only

Therefore,

wL® wL*

0 =05 = and A, =Ag =
24El 30El
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Example 2.4: A cantilever beam of span L is subjected to a clockwise moment M, at the free end.
Using the double integration method, determine the slope and deflection at the free-end.

Solution:

The applied load is the concentrated moment at the free end as shown in Figure 2.8. The governing
differential equation of the elastic curve as given in Eq. (2.15) is

d’A
dx?

El -M

Figure 2.8 Cantilever beam with a moment at the free end (Example 2.4)

Take moment of all forces to the right of section XX by keeping the free end B as origin,

M =-M,
The bending moment is considered negative due to hogging nature, and the variation of moment is
a single continuous function for the entire span (i.e., for 0<Xx<L). Substituting the moment
expression in the governing equation,

d?A
El e =—(-M,)=M,
The first and second integrations yield the expressions for slope and deflection respectively as
dA
E|&=M1XX+C1 (2.28)
X2
EIA=M1><?+Cl><x+C2 (2.29)

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At the fixed end, the value of slope is zero, X=L aa =0

dx
BC (ii): At the fixed end, the value of deflection is zero, X=L A=0
Substituting the first boundary condition in Eq. (2.28)
EI(0)=M,x(L)+C, = C,=-M,L
Substitute the value of C, in Eq. (2.28)

dA
EI&:(Mlxx—MlL)
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dA 1
o =g (Mx-M.L) (2.30)

Eq. (2.30) is the expression for determining the slope at any point between Xx=0and x=L.
Similarly, substituting the second boundary condition and the value of C, in Eq. (2.29),

2

El(0)=M, x (Lz)

M, L?
2

Now, substitute the values of C, and C, in Eq. (2.29)

2
el a=| My —M,Lx+ M,L
2 2

(L+C,

=C,=

:iﬁ—x -M,Lx+
2

= (2.31)

M MlLZJ

Eq. (2.31) is the expression for determining the deflection at any point between x=0and x=L.
(i) The value of slope at the free-end (i.e., at B) can be obtained by substituting x=0 in Eq.

(2.30).
dA 1 -M,L
—=— M,;x(0)-M,L =—
dx El (0= M, El
-M,L
0, =—"=
® El
(i) The value of deflection at the free-end (i.e., at B) can be obtained by substituting x=0 in
Eq. (2.27).
2 2
A:i ﬂ x(0)> =M L><(O)+'vI ik :MlL
El 2 2El
_ML
°  2EI

For this loading case also, both the maximum slope and deflection occur at the free end only.
Therefore,

M, L
emax :68 = -
El
2
and|A,, =A; = M,L
2El
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Example 2.5: A cantilever steel beam of span 6 m is subjected a uniformly distributed load of 20
kN/m over the entire length, a point load of 50 kN at the free end, and an anti-clockwise moment
of 75 kNm at the free end. The cross-section of the beam is 200x300 mm, and the modulus of

elasticity is 210x10° kN/m’ . Determine the slope and deflection at the free-end.

Solution:

20 kN/m 75 kNm

Figure 2.9 Cantilever beam with multiple loads (Example 2.5)
The loading on the beam is as shown in Figure 2.9. The governing differential equation of the
elastic curve as given in Eq. (2.15) is
d’A
dx?
Take moment of all forces to the right of section XX by keeping the free end B as origin,

M =—50><x—20><x><§+75=(—50x—10x2 +75)

El -M

in which (-50x) is the hogging moment due to the point load, (-10x*) is the hogging moment due
to the uniformly distributed load over a span of “X”, and (75) is the sagging moment. The variation

of moment is a single continuous function for the entire span (i.e., for 0 <X <6). Substituting the
moment expression in the governing equation,

2
g1 f =—(-50x—10x* +75) = (50x +10x* - 75)
dx
The first and second integrations yield the expressions for slope and deflection respectively as
2 3
192 _50x X 1 10x X _75x x4 C, (2.32)
dx 2 3
x? x* X
El A=+50x—+10x——-75x—+C; xx+C, (2.33)
6 12 2

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.
BC (i): At the fixed end, the value of slope is zero, X=6 dA/dx=0

BC (ii): At the fixed end, the value of deflection is zero, X=6 A=0
Substituting the first boundary condition in Eq. (2.32),

2 3
£1(0)=+50x & +10x® _75x(6)+ ¢, = ¢, =-1170
2 3
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Similarly, substituting the second boundary condition and the value of C, in Eq. (2.33),
(6)° (6)* (6)*
El (O):+50X?+1OXE_75XT_1170X(6)+C2 = C, =5490

Therefore, the expressions respectively for finding the slope and deflections at any point between
x=0and 6 are,

aa _ iLE x* 4+ 25x> — 75x —1170J (2.34)
dx EI3
=i(§ a2y Dy —1170x+5490J (2.35)
EI\6 3 2
Using Eq. (2.34), the slope at the free end:
A _da =iEEx (0)* +25x (0)* = 75x(0) —117oj _ 0
dx|,, EIl3 El
3 3
Substituting the values of E =210x10° kN/m? and | = % = % =450x10"° m*,
0, = —L170 =-0.01238 radians
(210x10°)(450x10™°)
Similarly, using Eq. (2.35), the deflection at the free end is,
1(5 25 75 5490
AB = A|X:O = E(E X (0)4 + ?X (O)3 —7 X (0)2 _1170X (0) + 5490J = E_
Substituting the values of E and |,
5490

=0.05810 m

B = (220x10°)(450x10°)

The above answers can be directly obtained using the standard formulas that are already
derived in Examples 2.1, 2.2 and 2.4. The directions of the point load and uniformly
distributed loads in this example are same as in Examples 2.1 and 2.2. However, the
direction of the applied moment is opposite to the one in Example 2.4. Therefore, the signs
for the respective slope and deflection formulas should be changed accordingly.

W wl ML

% =26 el | EI
. (506)° _(0)®)° (1)) _ 1170 .
2EI 6El El

A owewl . M, L2
® 3El 8EI 2EI
3 4 2
AB:(50)(6) +(20)(6) _(75)(6)° _ 5490 -
3El 8EI 2EI El
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Note:

(i) The maximum slope and the maximum defection normally occur at the free end of
cantilever for the general loading cases. Therefore, no separate calculation is required for
obtaining the maximum quantities.

(i) Instead of the free end of cantilever, the fixed end can also be taken as origin for taking the
moment of all forces to the left of section XX by properly including the effects of support
reactions (i.e, vertical reaction and moment reaction).

Example 2.6: A simply supported beam of span L and flexural rigidity El is subjected to a
uniformly distributed load over the entire length. Using the double integration method, determine
the slope at the support locations and deflection at the mid-span location.

Solution:

Figure 2.10 Simply supported beam with uniformly distributed load (Example 2.6)
The loading on the beam and the deflected shape are shown in Figure 2.10. The governing
differential equation of the elastic curve as given in Eq. (2.15):
d’A
dx?
Since the loading on the simply supported beam is symmetrical, both the vertical reactions at A

El -M

and B will be equal to WTL

wL
Va=Ve=7y
Take moment of all forces to the right of section XX by keeping the support B as origin,
M =V x X —Wx xx X Wb, W
2 2 2

The bending moment is considered positive due to sagging nature, and the variation of moment is
a single continuous function for the entire span (i.e., for 0<x<L). Substituting the moment
expression in the governing equation,
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d’A  (wL X2 wL  w,
dx?

g da_ Wb X w X (2.36)
x 22 273
4

el AW X W X e ke, 2.37)
2 6 2712

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At support B, the value of deflection is zero, x=0 A=0

BC (ii): At support A, the value of deflection is zero, X=L A=0
Unlike in cantilever beams, both the boundary conditions are related to deflection values, hence
Eqg. (2.37) only should be used.
Applying the first boundary condition in Eqg. (2.37)

wL w
El (O)Z_EX(O)S+£X(0)4+C1X(0)+C2 =C,=0

Applying the second boundary condition and the value of C, in Eq. (2.37)

EN0) - x (L)' + WGV ) :,cfvg_lj

Therefore, the expressmns respectively for finding the slope and deflections at any point between
x=0and L are obtained by replacing the values of the constants as,

dA 1[W3 wL , W_IfJ

X ——X"+ 2.38
dx EIl 6 4 24 ( )

W4WL3WL3

A=— ! ( X* +—X (2.39)

24 12 24

(i) For obtaining the value of slope at B, substitute x=0 in Eq. (2.38).

3 3
9 _ LW, o Wk Wb | WL
dx EI|6 4 24 | 24El
owl
® 24El

(i) For obtaining the value of slope at A, substitute X=L in Eq. (2.38).

dA 1 wl ) —wl
dx EI[ ()__ L7+ J 24EI

_-wl®
A 24El
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(ii1) For obtaining the value of deflection at C (i.e., mid-span), substitute x =L/2 in Eq. (2.39).

1(w 4 WL s wl® 5 wL'
=—| —x(L/2) ——x(L/2) +—x(L/2) |=——
EI(24 (/) 12 (/) 24 (/)J 384 El
_5w
© 384 El
wl®
Th H I , emaxz—e :e e
e maximum slope n=0s =
4
The maximum deflection, |A, ., =Ac _ S wb
384 EI

Note:

In general, in simply supported beams subjected to symmetrical loads, the maximum slope occurs
at the supports (both supports will have same magnitude, but opposite sign), and the maximum
deflection occurs at the mid-span. For unsymmetrically loaded beams, the maximum slope occurs
at one of the supports and the maximum deflection occurs in between the supports where the
direction of the slope changes (i.e., slope is zero).

Example 2.7 A simply supported beam of span L and flexural rigidity El is subjected to a
uniformly varying load over the entire length. Using the double integration method, determine the
slope at the support locations and deflection at the mid-span location.

Solution:

Figure 2.11 Simply supported beam with uniformly varying load (Example 2.7)

The loading on the beam and the deflected shape are shown in Figure 2.11. The governing
differential equation of the elastic curve as given in Eq. (2.15) is
d’A

El
dx?

-M
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Since the loading on the simply supported beam is unsymmetrical, by applying vertical force
equilibrium and moment equilibrium conditions, the vertical reactions at A and B are obtained.

Take moment of all forces to the right of section XX by keeping the support B as origin,
M =V, xxX— 1><X><M l><X :W—LX—EX
2 L /{3 6 6L
The variation of moment is a single continuous function for the entire span (i.e., for 0<x<L).
Substituting the moment expression in the governing equation,
d?A wh w ,) w wL
El —=—| —x——x° [=—x*——Xx
dx 6 6L 6L 6
The first and second integrations yield the expressions for slope and deflection respectively as

1 LAV EAN LV EANY o} (2.40)
dx 6L 4 6 2
w x5 wL X3

El A=— ——x—+C, xx+C, (2.41)
6L 20 6 6

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At support B, the value of deflection is zero, x=0  A=0

BC (ii): At support A, the value of deflection is zero, X=L A=0
Applying the first boundary condition in Eqg. (2.37)

£1(0)= 2 O W O ¢ L 0)+c,

6L 20 6 6
= C,=0

Applying the second boundary condition and the value of C, in Eq. (2.37)
WL w1
6L 20 6 6

7wl

360
Therefore, the expressions respectively for finding the slope and deflections at any point between
Xx=0and L are obtained by replacing the values of the constants as,

E1(0) =

= C =—r

3

dA_1f W o WL, 7wl (2.42)
dx  Ell24L° 12 360
3

i w s owhos Twh (2.43)
120 36 360
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(i) For obtaining the value of slope at B, substitute x=0 in Eq. (2.42).

dA 1 7w’ 7w
== X () X (O o =
dx El 24L 360 360 El
_ 1w
® 360 EI
(ii) For obtaining the value of slope at A, substitute X=L in Eq. (2.42).
dA 1 wi) —wl®
S -k + T |-
dx EI'\24L 360 45E|
_-wl®
A 45EI

(iii) For obtaining the value of deflection at the mid-span, substitute x=L/2 in Eq. (2.43).

1( w 5 wlL AN 5 wl
A=W 2P =Y (L2 L/2)|=> Wt
midspan = ) [120|_X( [2) — 55 % (U2) + = (L )J 768 EI

4 4
Ao = = 0.00651 %
768 EI El

Since the loading on the beam is not symmetrical, the maximum deflection does not occur at the
mid-span. The location of the maximum deflection can be obtained by equating the slope equation

to zero.
3
d_A = i & X4 wL X2 Twl =0
dx ElI\ 24L 12 360
15x* —30L°x* +7L* =0
The solution of the above polynomial equation results in the following roots.
:(+1.315L,+0.519L,—0.519L,—1.315L)

in which +0.519L is only the admissible root. Therefore, the maximum deflection occurs at

Xx=0.519L from the support B.
The maximum deflection is

3
itl-(OBlQL)S WL (0510L) + W -(0.519|_)J
1200 36 360

max |x:0.519L = El

A

4
—0.006522VE
El
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Example 2.8: A simply supported beam of span L and flexural rigidity El is subjected to an anti-
clockwise moment M, at support B. Using the double integration method, determine the slope at
the support locations and deflection at the mid-span location.

Solution:

Figure 2.12 Simply supported beam with a moment at one support (Example 2.8)

The loading on the beam and the deflected shape are shown in Figure 2.12. The governing
differential equation of the elastic curve as given in Eq. (2.15) is

d’A
dx?
The beam is not subjected to any lateral loading. However, the concentrated moment (anti-
clockwise) applied at B causes bending of the beam which is sagging in nature. The equilibrium
equations are applied to determine the reactions at A and B (i.e., V, and V, are assumed to be
acting in upward direction).

F,=0 =V, +V; =0 (i.e,, sum of all forces in vertical direction is equal to zero)

El -M

M =0 = V, xL—M, =0(i.e., sum of all moments about B is equal to zero)

+M - o
V, = 3 L (+ indicates that the assumed upward direction is correct)

-M . L .
V;p = 3 L (- indicates that the assumed upward direction is not correct; hence it is downwards)

Take moment of all forces to the right of section XX by keeping the support B as origin,

M=-V,xx+M, = 'I\_/I1X+M1

in which, (—Mlx/L) is hogging due to the reaction, and (Ml) is sagging due to the applied
moment. The variation of moment is a single continuous function for the entire span (i.e., for
0<x<L). Substituting the moment expression in the governing equation,

2 —_—
(;ng—( M1X+Mlj=%x—Ml

The first and second integrations yield the expressions for slope and deflection respectively as

El
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2
E ‘ZA '\ﬁ x 2 Myxx+C, (2.44)
X
3 2
El A:%x%—Mlx%JrClxXJrCz (2.45)

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At support B, the value of deflection is zero, x=0  A=0

BC (ii): At support A, the value of deflection is zero, Xx=L A=0
Applying the first boundary condition in Eq. (2.45)

EI(0)=—1 x (0)° — 1><(0)2+Cl><(0)+C2
:>Cz—0
Applying the second boundary condition and the value of C, in Eq. (2.45)
EI(0 ) x (L) - 1><(L)2+Cl><(L)+(O)
= C, = MlL
3

Therefore, the expressions respectively for finding the slope and deflections at any point between
x=0and L are obtained by replacing the values of the constants as,

dA_1(My, o ML .46
dx EI'\2L 3
A:i &X3_&X2+_M1LX (2.47)
ElI\ 6L 2 3
(i) For obtaining the value of slope at B, substitute x=0 in Eq. (2.44).
dA 1(|v| (0 MlLJ_MlL
dx EI\ 2L 3 3El
ML
®  3EI
(i) For obtaining the value of slope at A, substitute X=L in Eq. (2.44).
da i[M (LY M. x (L) + MlLJz—MlL
dx EI\2L 3 6El
-M,L
®  BEI

(iii) For obtaining the value of deflection at the mid-span substitute x=L/2 in Eq. (2.45).

1 (M s M 2 ML L
A =—| —tx(L/2) ——tx(L/2 L/2
mid-span El (6L X( / ) 2 X( / ) + ( / )J 16E|




74 | Slope and Deflection

M, L2 M, L?
A pigspan = = |= 0.0625—

16EI E
Since the loading on the beam is not symmetrical, the maximum deflection does not occur at the
mid-span. The location of the maximum deflection can be obtained by equating the slope equation
to zero.

d_A:i &XZ_MlX_F_MlL =0
dx EI\2L 3

3x* —6Lx+2L2 =0
The solution of the above polynomial equation results in the following roots.
X= (+1.577 L,+0.423L)

in which +0.423L is the admissible root. Therefore, the maximum deflection occurs at x =0.423L
from the support B.

The maximum deflection is

1(M s M > ML
A =A|X=o.423L=EL6—L1x(O.423L) - hx(0423L) + = ><(0.423L)J
2
~ 006415 "
E

The double integration method was successfully adopted to solve the problems (Examples 2.1-2.8)
due to the fact that, in each example, the moment variation throughout the length was represented
by a single continuous function. However, when discontinuities exist, multiple functions are
required to represent the moment variation, and consequently each function will result in two
constants of integration during the integration process for slope and deflection.

Consider a simply-supported beam of uniform flexural rigidity (El ) and length (L), which
carries a concentrated lateral load (W ) at a distance “a > from B as shown in Figure 2.13. The
W(L-a)

. Wa
reactions at A and B are V, = and Vg = 2

Figure 2.13 Simply supported beam with a point load
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Consider a section at a distance “Xx” from B; the bending moment at the section is
W(L-a)

if x<a then M =V xx= X ; and
if x>a then M =VBxx—Wx(x—a)=VMx—W(x—a)
N —Wx ifx<a
El = (2.48)

2
o —Mx+W(x—a) ifx>a

The first and second integrations yield the expressions for slope and deflection respectively as
dA _~ W(L-a) y x_2

ifx<a; El — +C, (2.49)
dx L
_ 2 2
ifx>a; £1 98 W= X WX _axx|+D, (2.50)
dx L 2 2
ifx<a: Ela=— V(=D X o xic, (2.51)
i
_ 3 3 2
ifx>a; EIAz—Mx%+W(%—ax%]+Dlxx+D2 (2.52)

in which C,, C,, D, and D, are the arbitrary constants. The boundary conditions (A =0 when

Xx=0; and A=0when x=L) are insufficient to evaluate the constants. Therefore, continuity
conditions need to be used further.

For x=a, the values of the slopes given by Eq. (2.49) and Eq. (2.50) are equal, and the
deflections given by Eqg. (2.51) and Eq. (2.52) are equal as there is continuity of the deflected form
of the beam through the point C. By applying all the conditions, the constants are evaluated.

Wa
C = L-a)(2L-a
C,=0
Wa,, ,
D, =% —(21°+a’)
-Wa?®
6
Therefore, the final slope and deflection equations become

da __Wit=a)., (2L2 3La+a’) (2.53)
dx 2L L

d_A:_W_('-‘a)X2+V_V(
dx 2L 2

D, =

ifx<a; El —

ifx>a; El X —2ax)+VE(2L2 +a’) (2.54)
6L
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Eqg. (2.54) can be written as

ifx>a; Eld—A: WL -a) X2 + (2L2 3La+a2)+v—v(x—a)2 (2.55)
dx 2L 6L 2

Eq. (2.53) and Eq. (2.54) differ only by the last term of Eq. (2.55); if the last term of Eq. (2.55) is
discarded when x <a, then Eq. (2.55) may be used to determine the slope in all parts of the beam.

Similarly, for deflection,
_W(L-a) 34

ifx<a: EIA= (2|_2 3aL +a’)x (2.56)
6L L
_ \\/a3
ifx>a: EIAz—VMx3+V—V(x3—3ax2)+VE(2LZ+a2)x+ Wa (2.57)
6L 6 6L
Eg. (2.57) can be written as
ifx>a; ElA= VLLa) 3 L(2L2 3<';1L+a2)x+\%/(x—a)3 (2.58)

Eg. (2.56) and Eqg. (2.57) differ only by the last term of Eq. (2.58); if the last term of Eq. (2.58) is
discarded when x < a, then Eq. (2.58) may be used to define the deflected form in all parts of the
beam. This kind of situations can be easily handled by adopting Macaulay’s method as explained
in Section 2.7.

2.7 Macaulay’s Method

The double integration method gives the equation of the elastic curve for a beam when the moment
variation can be expressed by a continuous function throughout the entire length. When
discontinuities occur (e.g., cantilever beam subjected to multiple loads, simply supported beam
with point loads or distributed loads for a portion of the span), the double integration method is
adopted using Macaulay terms.

Consider a cantilever beam with general loading as shown in Figure 2.14.

Wz Wl

Figure 2.14 Cantilever beam with multiple loads
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The governing differential equation of the elastic curve is written as

2
El d ? =-M
dx
By taking the free end as origin, the variation of moment can be expressed in the form
M =-W, x Xx—W, x x—ail—ng x—azO (2.59)
where quantities W, x—a, represent the bending moments due to concentrated loads, and the
square brackets --- are called Macaulay brackets which are defined as
0 if x<q
X—a = . (2.60)
x—a If x>a
Typically, when W, (x—a;) is integrated, we get
2
Wi(x—ai):Wixﬁx?—aixxJ+C (2.61)
However, when W, x—a, is integrated, we get
x—a
W, x—a =W, x —+C,, (2.62)

with the difference between the two expressions being contained in the constant C,,. This
integration rules make use of the double integration method suitable for determining displacements
of beams with discontinuous functions. Therefore, the term W, X—a, should be integrated with

respectto X—a; andnot X. Also, the term W, X—a, isapplicable only for x >a, or X—a, is

positive. That means, Macaulay terms should be integrated with respect to themselves and must be
neglected when they are negative.

2.7.1 Numerical Examples

Example 2.9: A simply supported beam of span L is subjected to a mid-span point load W . Using
the Macaulay’s method, determine the slope at the supports and deflection at the mid-span.

Solution:
The simply supported beam with mid-span point load and the displacement responses are shown in
Figure 2.15. By applying the equilibrium conditions, the reactions are obtained.
W W
V. =5 and Vg =5
The governing differential equation of the elastic curve is
d’A

El
dx?

-M
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Figure 2.15 Simply supported beam with mid-span point load (Example 2.9)

In this example, the moment variation cannot be expressed by a single equation for the entire length.
By taking B as origin, the moment at the section XX is expressed as

V—Vxx ifOSXSE

M= 2 2 (2.63)
V—V><x—W>< x—E ifESXSL
2 2 2

The first line of Eq. (2.63) is valid, if the value of X lies between O and L/2 from B, and the second

L . w .
line is valid, if the value of X lies between L/2 and L from B. However, the term ?x iscommon

in both the expressions. Therefore, Eq. (2.63) is written as

M :V—fo—W x—E (2.64)
2 2

The expression is partitioned by dotted lines. The first segment in Eq. (2.64) is considered when

the moment is evaluated between B and C, and both first and second segments together are

considered when the moment is evaluated between C and A, by keeping the origin as B.
Substituting M in the governing equation, and use of Macaulay’s terms as

2 .
Id_?:_V_VX:+W x—E (2.65)
dx 2 2
The first and second integrations yield the expressions for slope and deflection respectively as
L 2

dA W x° : X3

El —=——x—+C . +Wx———— (2.66)
dx 2 2 : 2

L 3
w X : X2
El A:—?><E+Cl><x+C2;+W><T (2.67)

From Eg. (2.66) and Eq. (2.67), two important observations can be made.



Theory of Structures| 79

Firstly, the constants of integration C, and C, are placed within the first segment only as they

are common for the entire expression. If these constants are written at the end, there might be
chance of omitting the constants while evaluating the first segment alone whenever needed.
Secondly, bracket terms are integrated with respect to themselves. That means, the term

x—L/2° X2

L
x—L/2 isintegrated as ———— , butnotas ———xX .
2 2 2

Two boundary conditions are identified as follows.

BC (i): At the roller support B, the value of deflection is zero, x=0 A=0
BC (ii): At the hinged support A, the value of deflection is zero, x=L A=0

Since both the boundary conditions are corresponding to the deflection at two locations, Eq. (2.67)
only can be used. Substituting the first boundary condition (consider the first segment only as
x=0 liesin 0<x<L/2),

w
El (O)Z_EX(O)3+C1X(O)+C2 =C,=0

Similarly, substituting the second boundary condition (consider both the first and second segments
together), and the value of C,,
W Y L° w2
El (O)Z_EX(L) +C1X(L)+OE+€X L_E = C, = 1
Therefore, substituting the values of constants in Eq. (2.66) and Eq. (2.67) respectively gives the

complete expressions for slope and deflection.

2: 2
da_11 W Wb :+V—V x-L (2.68)
dx El 4 16 : 2 2
2 3
_ LW e W x:+V—V x—L (2.69)
EIl 12 16 : 6 2

(i) For determining the value of slope at B, substitute x=0 in Eq. (2.68) (by considering the
first segment only).

dA 1 WL2
a:a[‘—” J

WL?
0g =+
16EI

(i) For determining the value of slope at A, substitute X =L in Eq. (2.68) (by considering the
first and second segments together).

dﬁ:i[—— R J

dx El
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A

WL
16E|

(iif) For determining the value of deflection at C (i.e., mid-span), substitute x=L/2 in Eq.
(2.69) (by considering the first segment only).

1 W (Lj” WL

El 12 \ 2 16
3
ACZWL
48E|

{3)

Since the beam is symmetrically loaded, the maximum slope occurs at the supports, and the
maximum deflection occurs at the mid-span location.

_wr?

" 16El
3
and [A,,, =Ac WL
48El

Example 2.10: A simply supported beam of span L is subjected to a point load W at a distance of
“a” from the right support. Using the Macaulay’s method, determine the slope at the support
locations and deflection under the load. Also find the maximum deflection.

Solution:

The simply supported beam with a point load is shown in Figure 2.16. By applying the equilibrium
conditions, the reactions are obtained.

Wa
T

Y/
B L

_W(L-

a)

Figure 2.16 Simply supported beam with a point load (Example 2.10)
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The governing differential equation of the elastic curve is
d*A
dx?
In this example, the moment variation cannot be expressed by a single equation for the entire length.
By taking B as origin, the moment at the section is expressed as
W(L-a) “x
_ L
W(L-a)

El =-M

if0<x<a

(2.70)
x X —W x(x—a) ifa<x<L

The first line of Eq. (2.70) is valid, if the value of X lies between 0 and a from B, and the second

W(L-a)

line is valid, if the value of X lies between a and L from B. However, the term Tx is

common in both the expressions. Therefore, Eq. (2.70) is written as

M = W(L-a) :

x.~W x-a (2.71)

The expression is partltloned by dotted lines. The first segment in Eq. (2.71) is considered when

the moment is evaluated between B and C, and both the first and second segments together are

considered when the moment is evaluated between C and A, by keeping the origin as B.
Substituting M in the governing equation, and use of Macaulay’s terms as

2
El d ? G a)x +W x—a (2.72)
dx L
The first and second integratlons yield the expressions for slope and deflection respectively as
. 2
: -a
El d_A = VM X +C, +W x
dx L
. 3
X—a
El Ao _W(L-3)

€+C xx+C, +W><

Two boundary conditions are identified as follows.

BC (i): At the roller support B, the value of deflection is zero, x=0 A=0

BC (ii): At the hinged support A, the value of deflection is zero, Xx=L A =0
Substituting the first boundary condition (as x=0 lies in the first segment, consider the first
segment only),

£1(0)= - W(l_L a) (0°

5 +C,x(0)+C, = C,=0
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Similarly, substituting the second boundary condition (as x=L lies in the second segment,
consider both the first and second segments together),
3

L-
El(0)=- W(L-a) (L' +C, x (L) +(0)+W x :»cl=ﬂ|_(2|_2a—3|_a2+a3)
Therefore, the expressions for slope and deflection are
ga_1[ _W(t-a) X2 + (2L2a 3La*+a ) +Vl x—a’ (2.73)
dx  El 2L 6L 2
_ L[ Wl=a) s, W (212a-3La® +a®)x + v x-a° (2.74)
El 6L 6L : 6

(i) For determining the value of slope at B, substitute x=0 in Eq. (2.73) (by considering the
first segment only).

da _[_V\MX(O)Z+ﬂ(2L2a—3La2+a3)J 8 (512 _3La+a?)
dx El 2L L 6EIL
0, = Wa ——(21* -3La+a’)
6EIL

(i) For determining the value of slope at A, substitute X =L in Eq. (2.73) (by considering the
first and second segments together).

d—A:i(—VMx(L)Z +ﬂ(2L2a—3La2 +a3)+vl (L)-a ZJZ —\Wa (L2 -a%)
dx El 2L 6L 2 6EIL
_Wa 2 2
=———(*-a
" 6EIL( )

(iif) For determining the value of deflection the mid-span, substitute x=L/2 in Eq. (2.74);

3
Amid—s an V\M [ j ﬂ(ZLza—S)LaZ + a3)><[£j+vl (Ej—a
= " El 6L 2) 6L 2)76 (2

_ W s g3
= 286 (3La 4a)

Amid-span = 4\8/\/?(3L2a - 48‘3 )

The location of the maximum deflection can be obtained by equating the slope equation to zero. If
a<l/2,

_( W(L-a) ,
El 2L

6|_(2L2a 3La’+a )+V?V x—aszo
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By solving the above equation, the admissible root obtained as; x = L —%« /3( L? - az) . Therefore,

the maximum deflection is
w a(L® —az)e'/2

"Bl 93L

When the load acts at the mid-span, the above formulas can be verified with Example 2.8 by
substituting a=_L/2.

Example 2.11: A cantilever beam of span 6 m is subjected to three concentrated loads of 30 kN, 25
kN and 20 kN respectively at 3 m, 5 m and 6 m from the fixed end. Using the Macaulay’s method,
determine the slope and deflection at the salient locations.

Solution:

The cantilever beam with loads is shown in Figure 2.17. The governing differential equation of the
elastic curve is

d’A
dx?

El -M

Figure 2.17 Cantilever beam with multiple loads (Example 2.11)
Take moment of all forces to the right of section by keeping the free end D as origin,
M =—20xX,~25x x—1.-30x x—3

Substituting the moment expression in the governing equation,
d’A :
dx?
The first and second integrations yield the expressions for slope and deflection respectively as
2 2
X

dA 2 : x-1": X—3
El —=20x| — |+C,.+25x +30x
dx 2 : 2 2

El

— 120X +25 x—1 +30 X—3

3 3

X : x—1 X—3
EIA=20x o +C xx+C,. +25x

+30x
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where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At the fixed end, the value of slope is zero, Xx=6  dA/dx=0
BC (ii): At the fixed end, the value of deflection is zero, Xx=6 A =0
Substituting the first boundary condition in the slope equation

2 . 2. 2
El (0)=20x(67)+C1;+25x6_T;+30>< 63

= C,=-807.5

Similarly, substituting the second boundary condition and the value of C, in the deflection equation

62 : ° 6-3°
EI(0):20x(€]—807.5x(6)+C2:+25x +30x

= C, =3469.167

Therefore, after substituting the value of C, and C,, the slope and deflection equations

9A_ 1 10x2 —8075 +22 x-17 415 x—-3° (2.75)
dx El 2 :
A:%{%X?’—807.5x+3469.167§+% x—13§+5 x—3 3) (2.76)

Eq. (2.75) and Eq. (2.76) are the complete expressions respectively for determining the slope and
the deflection at any point between x=0and X=6m.

(i) For determining the values of slope at D, C and B, substitute Xx=0, 1 and 3 in Eq. (2.75). The
first segment only is considered for 6. Both the first and second segments are considered for

0. , and the first, second and third segments are considered for 6, .

0, _da :i(10><(0)2 —807.5) _ 807 radians
dx |, El E

0. zd_A = i(mx(l)z —807.5+§x 1)-1 2) _ 1975 radians
dx|._ El 2 E

0, zd_A zi(10x(3)2 —807.5+§x 3)-1 ? +15x% 3)-3 2j: ~067.5 radians
dx|,._; El 2

(i) For determining the values of deflection at D, C and B, substitute x=0, 1 and 3 in Eq. (2.76).
The first segment only is considered for A, . Both first and second segments are considered

for A, and the first, second and third segments are considered for A, .

3469.167
=—F— M

1(10
A, =A|  =-—=| =x(0)°-807.5%(0) + 3469.167
0 =4 EI(3X() <) J El
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_i( x (1)° —8075><(1)+3469167+% ®- 1J

| _ 26650
= El

El

Ac =

AB:A|X3:%[—X(S) —807.5% (3) + 3460. 167+%>< (3)-1°+5x (3)-3 J

1170.0
= m
El

Example 2.12: A cantilever beam of span 6 m is subjected to three loads: (i) 25 kN at the free end;
(ii) 20 kN at 1 m from the free end; and (iii) 10 kN/m over the span of 3 m from the fixed end.
Using the Macaulay’s method, determine the slope and deflection at the salient locations.
Solution:

The cantilever beam with loads is shown in Figure 2.18. The governing differential equation of the
elastic curve is

d?A
dx?

El =-M

20kN 25kN

10 kN/m

Figure 2.18 Cantilever beam with multiple loads (Example 2.12)

Take moment of aII forces to the right of section by keeping the free end D as origin,

X—3
M :—25><X.—20>< x—-1 .—10>< X—3 x 5
Substituting the moment expressmn in the governing equation,
2
El (3A—25x +20 x-1 +5x 3°
X

The first and second mtegratlons yield the expressions for slope and deflection respectively as
2 : x—1°%: x—-3°
192 _ o5 X | ¢ 4 20 4 5x
dx 2 : 2 3
3 4

-1 X—3
+5x
12

3

E|A=25X(X—

]+clxx+c2f+2ox X
6 :
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where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At the fixed end, the value of slope is zero, Xx=6  dA/dx=0
BC (ii): At the fixed end, the value of deflection is zero, Xx=6 A =0

Substituting the first boundary condition in the slope equation

62) i 6-1°: _ 6-3°
El(0)=25x| — |+C,.+20x +5x = C,=-745.0
2 : 2

3

Similarly, substituting the second boundary condition and the value of C, in the deflection equation
3

6° : 61" 6-3"
El(0)=25%| — |+745.0x6+C, +20x +5x
6 : 6 12

= C, =3119.583
Therefore, after substituting the value of C, and C,, the slope and deflection equations

aa_1 25x2—745 +10 x-1 +§ x-3° (2.77)

dx  EIl 2 3

PN N —745x+3119583'+E x—1 +i x—3* (2.78)
EIl 6 3 12

Eq. (2.77) and Eqg. (2.78) are the complete expressions respectively for determining the slope and
the deflection at any point between x=0and x=6 m.

For determining the values of slope at D, C and B, substitute x=0, 1 and 3 in Eq. (2.77). The
first segment only is considered for 6, . Both the first and second segments are considered for 6

and the first, second and third segments are considered for 6, .

0p =d—A =i(§ (0)? —745} > radians
dx |, El
dA 1(25 ~7325
0.=—| =—|—x(1 —745 +10x (1)-1 radians
T ix |, EI(Z <(1y x - ] '
0, :c;—A :%(é (3)? —745 +10x (3)—1° §>< (3)-3 3J=_5925 radians
X x=3

For determining the values of deflection at D, C and B, substitute x=0, 1 and 3 in Eq. (2.78).
The first segment only is considered for A . Both the first and second segments are considered for

A, and the first, second and third segments are considered for A, .

A A 1 3119.583 m

p=4 = EIL x (0)° 745><(0)+3119.583J:
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A=Al =22 1P 745 (1) +3110583 + Dk ()-1° |= 2B
1 EI( 6 T3 =
1(25 : 10 s 4
A=A =] Z2x(3)°-745x(3)+3119.583 + —x (3)-1°+ > x (3)-3
1023.75
= m
El

Example 2.13: A cantilever beam of span 7 m is subjected to a concentrated load of 25 kN at 1 m
from the fixed end, and a uniformly distributed load of 10 kN/m over a span of 4 m from the free
end. Using the Macaulay’s method, determine the slope and deflection at the salient locations.

Solution:
The cantilever beam with loads is shown in Figure 2.19(i). The governing differential equation of
the elastic curve is

d’A

El
dx?

-M

4m

e x
(i) Loads given ' _‘

flO kN/m

10 kN/m

(ii) Loads considered

Figure 2.19 Cantilever beam with multiple loads (Example 2.13)

Take moment of all forces to the right of section in Figure 2.19(i) by keeping the free end D as
origin,
—10x xx X/2 if0<x<4
M= -10x4x(x-2) if4<x<6
—10x4x(x—-2)—25%x(x—6) if6<x<7
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In order to use the Macaulay’s method, the moment expression obtained for the first segment should
appear in the moment expression of the second segment. Similarly, the moment expression
obtained for the second segment should appear in the moment expression of the third segment.
Since the uniformly distributed load is terminated at C, the moment of this force in the first, second
and third segments will not remain the same; and this is possible only if the distributed load is
continued till the end of the last segment. Therefore, the uniformly distributed load (with same
magnitude) is assumed to continue till the end (i.e., A) from C, and a uniformly distributed load
(with same magnitude) in the opposite direction is included between C and A to neutralize the
effect of the assumed load as shown in Figure 2.19(ii).

Therefore, the moment expression becomes
-4

: X—4:
M =105 2 +10x X—4 x —25x x—6

Substituting the moment expression in the governing equation,

2 . .
E192 552’ 5x-4% 125 x-6
dx : :

The first and second integrations yield the expressions for slope and deflection respectively as

3 : x—4°: X—6
£1 92 5y X ], o5 +25x%
dx 3 : 3 2

2

4 3

4

EIA=5x| 2 |+C,xx+C,.—5x
12 :

-+ 25x

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At the fixed end, the value of slope is zero, Xx=7  dA/dx=0
BC (ii): At the fixed end, the value of deflection is zero, Xx=7 A =0
Substituting the first boundary condition in the slope equation

7-4°; 7-6°
:+25><

3

H(@sz(%}+C£—5x

= C, =-539.167
Similarly, substituting the second boundary condition and the value of C, in the deflection equation

4. 3

4 -4
! :+25><

: 7
E|@):5x&EJ—EwJﬁ7xU)+Ca—5x

= C, =2803.336
Therefore, after substituting the value of C, and C,, the slope and deflection equations
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aa_115 X’ ~539.167. 5,4 .+§x 6° (2.79)

dx  EI3 3 2

Aty ~539.167x -+ 2803.336, 5,4 '+§ x—6" (2.80)
EI\12 12 6

Eq. (2.79) and Eqg. (2.80) are the complete expressions respectively for determining the slope and
the deflection at any point between x=0and x=7m.

For determining the values of slope at D, C and B, substitute x=0, 4 and 6 in Eq. (2.79). The
first segment only is considered for 6, . Both the first and second segments are considered for 6

and the first, second and third segments are considered for 6, .

o, -d4 -1 §x(0)3—539.167j:M radians
dx|,, EI3 El

gczd_A :i §X(4)3—539.167f—§x 4-4° :_4325 radians
dx|,, EI3 3

0, =380 1[5 (67530167 ~2x 6-4° + 2 6-67 |- radians
dx|_ EIl3 : 3 22

For determining the values of deflection at D, C and B, substitute x=0, 4 and 6 in Eqg. (2.80).
The first segment only is considered for A, . Both the first and second segments are considered for

A, and the first, second and third segments are considered for A, .

A=Al :i££X (0)° —530.167  (0) + 2803.336 J: 2803.336 _
=0~ 112 5
= —1 4)* 539167 x (4) + 2803.336 — 2x 4—4 °
Ac=A|_ == EX() -5 x (4) +28 TR
753.335
= m
El

B>
vs)
|

=A| = 112 (6)*—539. 167 (6) + 2803.336, 5 64 '+§x 6-6°
=6 El (12 12 6

101.667
= m
El
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Example 2.14: A cantilever beam of span 9 m is subjected to a concentrated load of 30 kN at the
free end, and a uniformly distributed load of 20 KN/m over a span of 4 m starting at 2 m from the
fixed end. Using the Macaulay’s method, determine the slope and deflection at the salient locations.
Solution:

The cantilever beam with loads is shown in Figure 2.20(i).

A /20 kN/m

4m

(i) Loads given

fZO kN/m l

\20 kN/m

(ii) Loads considered

Figure 2.20 Cantilever beam with multiple loads (Example 2.14)

The governing differential equation of the elastic curve is
d’A
dx?
Similar to Example 2.13, the uniformly distributed load of 20 kN/m is added in the segment AB

both in downward and upward directions as shown in Figure 2.20(ii). Take moment of all forces
to the right of section in Figure 2.19(ii) by keeping the free end D as origin,

X—7

El -M

: X :
M :—30><X:—20>< X—3 x :+20>< X—7 %

Substituting the moment expression in the governing equation,
d’A :

X2

El

—30x+10 x-37-10 x-7°

The first and second integrations yield the expressions for slope and deflection respectively as

2 : -3°t -7°
192 _30x| X ] c i r10x 222 10x X
dx 2 : 3 3

4 4

X—7
12

3

: X
EIA=30><(%J+C1><X+C2:+10><

~10x

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.
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BC (i): At the fixed end, the value of slope is zero, Xx=9 dA/dx=0

BC (ii): At the fixed end, the value of deflection is zero, Xx=9 A=0
Substituting the first boundary condition in the slope equation

¥ 9-7°
:—10x

2

EI(O)=30X(%}+C1§+10><

= C, =-1908.333

Similarly, substituting the second boundary condition and the value of C, in the deflection equation

4 4

3

El(0) =30x[%j—1908.333>< (9)+C,,+10x

~10x = C,=12463.330

Therefore, after substituting the value of C, and C,, the slope and deflection equations

9A_ 1 [15x2 _1008.333+ 10 x—3° 10 4 77 (2.81)
dx El 3 3

1 3 : 5 PR 4
A=Z| 5%’ ~1908.333x+12463.330 + = x~3 "~ X7 (2.82)

Eg. (2.81) and Eqg. (2.82) are the complete expressions respectively for determining the slope and
the deflection at any point between x=0and X=9m.

For determining the values of slope at D, C and B, substitute x=0, 3 and 7 in Eq. (2.77). The
first segment only is considered for 6, . Both the first and second segments are considered for 6

and the first, second and third segments are considered for 6, .
1

0, _dA :—(15x(0)3—1908.333):M radians
dx|_, EI El

0, _dap 1 15x(3)2—1908.333f+9x 323 |= 23333 ians
dx|_, El : 3 El

0, =38 L 155771008333+ 0 7-3° 10, 7 _72]_ 200 ians
dx|_, EI 3 3 El

For determining the values of deflection at D, C and B, substitute x=0, 3 and 7 in Eq. (2.82).
The first segment only is considered for A . Both the first and second segments are considered for

A , and the first, second and third segments are considered for A, .

' EI
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Ag=A| 1 5x(7)3—1908.333><(7)+12463.330f+§x 7—3“f—§x 7-7"°
S = ‘6 ‘6
1033.332
=———m
El

Example 2.15: A cantilever beam of span 10 m is subjected to the lateral loads as shown in Figure
2.21. Using the Macaulay’s method, determine the slope and deflection at the salient locations.

40 kN 30 kN 20 kN
5 KN/

Figure 2.21 Cantilever beam with multiple loads (Example 2.15)

Solution:
The governing differential equation of the elastic curve is
2
El d f =-M
dx

Similar to Example 2.13, the uniformly distributed load of 5 kN/m is added in the segment BA both
in downward and upward directions. Take moment of all forces to the right of section by keeping
the free end E as origin,

X—5: X—8
—40x X—8 +5x Xx—8 x

M =-0xX —20x X—2 —30x X-5 —5x X—5 x

Since no lateral load is applied in the segment ED, there is no bending moment in the segment.
However, due to the bending of other segments, both slope and deflection will exist in the segment
ED. Moreover, the constants of integration should appear in the first segment only. Therefore, zero
moment is kept in the first segment.

Substituting the moment expression in the govermng equation,

2 .
EdA_0+20x2+30x 5+§x5 +40x 8—§x8
dx® 2 2
The first and second integrations yield the expressions for slope and deflection respectively as
: x—2"%" X—5° x—5°%; x—8° x-8°
Eld—A=O+C1,+20>< .+30x +§>< .+40x _>

dx : 2 2 27 3 2 27 3



Theory of Structures| 93

3

x—5° 5 x—5": x—8° 5 x—8*

: X :
EIA=0+C xx+C,.+20x .+30x +—x +40x —=x
: 6 6 2 : 6 2 12

12

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At the fixed end, the value of slope is zero, x=10 dA/dx=0

BC (ii): At the fixed end, the value of deflection is zero, Xx=10 A =0
Substituting the first boundary condition in the slope equation,

: 10-2°: 10-5° 5 10-5°! 10-8° 5 10-8°
EI(O)=O+C1,+20>< +30x +—x .+ 40x —=x
: 2 2 2 3 2 2 3
= C,=-11925
Similarly, substituting the second boundary condition and the value of C, in the deflection equation
: 10-27%; 10-5°
EI(0)=0—1192.5><(10)+C2:+20x .+30x
5 10-5": 10-8° 5 10-8°
+=x .+40x ——=X
2 12 6 2 12

= C, =9413.125
Therefore, after substituting the value of C, and C,, the slope and deflection equations:

98 _ L[ 119257410 x—27 415 x=5242 x=5° 420 x-8°-2 x—8°| (2.83)
dx El : : 6 : 6
L —1192.5x+9413.125f+% x—2° 45 x-5 3+% x—5*
_ = : : : 2.84
A El 20 3 b 4 ( )
+— X—-8 —— x-8
3 24

Eqg. (2.83) and Eq. (2.84) are the complete expressions respectively for determining the slope and
the deflection at any point between x=0and x=10m.

For determining the values of slope at E, D, C and B, substitute Xx=0, 2, 5and 8 in Eq. (2.83).
The first segment only is considered for 6. . Both the first and second segments are considered for
0,. The first, second and third segments are considered for 6., and all four segments are
considered for 6.

_da =i(—1192.5)=_11925
dx|_, El E

c?

0c radians
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9D=d—A = 1 11925 +10x 2-2° —11925 radians

dx|,_ T El
o, =34 =i 119255 410% 5-2 2 415x 5524 2x 5-5°

dx |, El : : 6

~11025 .
= radians
: 2" 2 5 3

dA 1 —1192.5:+10>< 8-2 :+15>< 8-5 +6X 8-5 :
0. == =—_— : : :
® dx|_ EI 2 5

+20% 8-8 -2 g-8°

—-675.0 ..
= radians
El

For determining the values of deflection at E, D, C and B, substitute x=0, 2, 5 and 8 in Eq.
(2.84). The first segment only is considered for A.. Both the first and second segments are

considered for A, . The first, second and third segments are considered for A_, and all the four

segments are considered for A, .

A=A, = (~1192.5%0+9413.125) = 2413125
S =T
Mo =A== ~11925x (2) +9413.125, 10, pe)_ 7028125
E 3 El
1192.5x (5 9413125: 10 5 53
A=A == O +€X | 3540.625
c x5 =1 DOFV.DLI
El +5x 5-5 +£X 5_5* El
24
: 10 5
{ | ~11925%(8) + 9413.125 + —x 8- 52 +5Xg 53,5 g &t
A=A, =g 3 24
BT %hks T g 20 5
+—x 8- 8 _ " x 8—8
3 24
745.0
=——m

El
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Example 2.16: A simply supported beam of span 9 m is subjected to two concentrated loads of 40
kN and 30 kN at 2 m and 5 m respectively from the left support. Using the Macaulay’s method,
determine (i) the slope at the supports, (ii) the slope at the loading points, (iii) the deflection at the
loading points, and (iv) the maximum deflection.

Solution:
The simply supported beam with two point loads is shown in Figure 2.22.

40 kN 30 kN

Figure 2.22 Simply supported beam with two point loads (Example 2.16)
The reactions at the supports are obtained by applying the equilibrium conditions as
F,=0 =V, +V;-40-30=0
=V, +V; =70
Mg;=0 =V, x9-40x7-30x4=0
V, =44.444 kN

V; =25.556 kN
By taking B as orlgm the moment of all the forces on the right of the section is

M V><x -30x x—4 —40><X 7 = 25556X—30X 4 —40X 7

The expression is partitioned by dotted lines. The first segment is considered when the moment is
evaluated between B and D; both the first and second segments together are considered when the
moment is evaluated between D and C; and the first, second and third segments together are
considered when the moment is evaluated between C and A by keeping the origin as B.

The governing differential equation of the elastic curve is

d A M
dx
Substituting M in the governmg equatlon
d’A
El g ——25556x +30 x—4 +4O xX—=7
x?

The first and second integrations y|eld the expressions for slope and deflection respectively as
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2 : X—4 °: x—7
EI%—A——25.556><X?+01,+30>< +40x
X : :

X3 : x—4 " x-7"°
El A:—25.556><€+C1><x+02:+30x .+40x

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At the roller support B, the value of deflection is zero, x=0 A=0
BC (ii): At the hinged support A, the value of deflection is zero, Xx=9 A=0

Since both the boundary conditions are corresponding to the deflection at two locations, only
deflection equation should be used for evaluating the constants C, and C, .

By applying the first boundary condition;
El (0)=-25. 556><( ) +C,x(0)+C,

= C,=0
By applying the second boundary condition and the substituting the value of C,;
3.

: 9-7°
:+40><

: 9-
El (0)= 25556><() +C, x(9) +0.+30x

= C, =269.636
Therefore, the complete expressions for slope and deflection:

dA
dx

Ell (—12.778x2 +269.636§+15 X—4 2§+2o x—7 ZJ (2.85)

A =%[—4.259x3 +260.636X,+5 X4 °,+6.667 X7 3] (2.86)

(i) The values of slope at the supports:
_da
® x|,

269.636 .
radians

= %(—12.778x (0)° +269.636 ) =

dA
0,=—
Adx |

1
“El

| -310.382

[ 12.778x(9)° +269636 +15x 9-4° +20>< 9-7 J

radians
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(if) The values of slope at the loading points:

0, =981 L[ 12 778x(ay +260.636 +15x 4—4* |- 22188 o

dx|_, El : El
0. =981 L[ 12778x(7) 1269636 +15x 7-4 7 4+20x 7-7° | 2248

dx|._, El : : El

(iii) The values of deflection at the loading points:
Ao = Al =%(—4.259x(4)3 +260.636x (4). +5x 4-4 3j= 80?5-?68 m
Ac= Al :é[—4.259><(7)3 +269.636x (7). +5x 7-4° +6.667 77 3)
561.615
= m
El

(iv) Maximum deflection:

The maximum deflection in simply supported beams occurs where the direction of slope
changes (i.e., dA/dx=0). Assume the direction of slope changes in the first segment (i.e., BD).

Therefore, only the first segment should be considered.
aa_ i(—12.778x2 +269.636) =0
dx El

~12.778x* +269.636 =0 = x, =—4.594 and x, =+4.594
Both the values of x are inadmissible because they do not lie in the segment BD. Therefore, the
assumption is not correct.
Now, assume the direction of slope changes in the second segment (i.e., DC). Therefore, the
first and second segments together should be considered.

d—A = L —12.778x% + 269.6363 +15 x—4 2 |=0
dx ElI :

2.222x* +120x+509.636 =0 = x, =49.359 and x, = +4.647
Therefore, x =4.647 m is the admissible root.

A= A i(—4.259x(4.647)3+269.636x(4.647)§+5x 4.647 -4 Sj

max |x=4A647 = EI

826.961
El

m
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Example 2.17: A simply supported beam of span 6 m is subjected to three concentrated loads of 60
kN, 100 kN and 40 kN at 1 m, 3 m and 4 m respectively from the left support. Using the Macaulay’s
method, determine the maximum slope and deflection.

Solution:

The simply supported beam with three point loads is shown in Figure 2.23.

60 kN 100kN 75 kN

J—1m—f 2m F—1m—f 2m

Figure 2.23 Simply supported beam with three point loads (Example 2.17)
The reactions at the supports are obtained by applying the equilibrium conditions as
F=0=V,+V,-60-100-75=0
=V, +V, =235
Mg =0 = V, x5-60x5-100x3-75x2=0
Therefore, V, =125.0 kN and V, =110.0 kN.

By taking B as origin, the moment of all the forces on the right of the section is

M =Vgx X~ 75x Xx—2 .~100x X-3 .-60x X-5

~110x,-75 x-2 ,~100 X—3 .60 X5

The expression is partitioned by dotted lines for different segments. The governing differential
equation of the elastic curve after substituting M is

d?A : : :
El v =-110x.+75 x—2 ,+100 x—3 .+60 x-5
X : : :
The first and second integrations yield the expressions for slope and deflection respectively as
dA X2 —2 % x—3 % x—5°
El — =-110x—+C, .+ 75x +100x% +60x
dx 2 : : :
x° ) x—2°: x—-3°: x-5°
El A=—110><E+C1><X+Cz.+75>< .+100x .+60x

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.
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BC (i): At the roller support B, the value of deflection is zero, Xx=0 A=0
BC (ii): At the hinged support A, the value of deflection is zero, x=6 A =0

Since both the boundary conditions are corresponding to the deflection at two locations, only
deflection equation should be used for evaluating the constants C, and C, .

By applying the first boundary condition;
3
El (0)=- 110><( ) +C,x(0)+C,

= C,=0
By applying the second boundary condition and the substituting the value of C,;
[ON ) 6-2 " 6-3 " 65"
El (0)=-110x +C, ><(6)+O +75x .+100x .+60x
= C,=450.0
Therefore, the complete expressions for slope and deflection;
94 _ L[ 5542 4450 +37.5 x—22 450 x-32'+30 x5 (2.87)
dx  El : : :
A =é(—18.333x3 +450x,+12.5 x-2 ° +16.667 x—3°,+10 x5 3} (2.89)

(i) Maximum slope:
The maximum slope in simply supported beam occurs at one of the support locations.

1 _dA ! —(-55x(0)° + 450)=4—50 radians
|, El El
dA

g, =22
A x|,

:%[—55x(6)2+450§+37.5x 6-2°.+50x 6-3°.+30x 6—52j
» : : .
=ﬂ radians

El

Therefore, the maximum slope is 6, =% radians

(i) Maximum deflection:

The maximum deflection in simply supported beams occurs where the direction of slope
changes (i.e., dA/dx =0). Since the values of slope at the supports (i.e., ends) are same but opposite
in sign, the change of sign mostly occurs around the mid-point. Assume the direction of slope
changes in the second segment (i.e., ED). Therefore, the first and second segments together are
considered.

dA

L 55x24 450 4375 x—27 |=0
dX EI :
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—17.5x* —=150x +600=0
= x,=2.971 and x, =-11.542
Therefore, x=2.971 m is the admissible solution.

Ap = Al o, = Ell ( -18.333x (2.971)° + 450 x (2. 971) +12.5 2.971-2 j 86;?19 m
. . . 7.
Note: The deflection at the mid-span is, A qum = A|X s %Eﬁ

Example 2.18: A simply supported beam of span 10 m is subjected to a uniformly distributed load
of 10 kKN/m over a span of 6 m from the left support, and a point load of 20 kN at 3 m from the
right support. Using the Macaulay’s method, determine the maximum slope and deflection.
Solution:

The simply supported beam with multiple loads is shown in Figure 2.24.

20 kN
10 kN/m

Figure 2.24 Simply supported beam with multiple loads (Example 2.18)
The reactions at the supports are obtained by applying the equilibrium conditions as
F,=0 =V, +V;-10x6-20=0
=V, +V; =80

M;=0 = VA><10—1O><6><(2+4J—20><3=0

V, =48.0 kN
V; =32.0 kN
By taking B as or|g|n the moment of all the forces on the rlght of the section is

MVxX—20><x3—10><X 4 x —32X—20X3—5X4

The expression is partitioned by dotted lines for different segments. The governing differential
equation of the elastic curve is
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2 . .
£ B 32x'420 x-3 45 x4~

X : :

The first and second integrations yield the expressions for slope and deflection respectively as
2 : x—3° x—4°

£1 92 _ 305X 1 ¢4 20x +5x

dx 2 : 2 3

X2 x—3 3: X—4 )

El A:_SZXE+C1XX+C2'+20X .+5x 5

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At the roller support B, the value of deflection is zero, x=0 A=0

BC (ii): At the hinged support A, the value of deflection is zero, x=10 A =0

Since both the boundary conditions are corresponding to the deflection at two locations, only
deflection equation should be used for evaluating the constants C, and C, .

By applying the first boundary condition;

El (0)=—32xg+cl><(0)+C2

= C,=0
By applying the second boundary condition and the substituting the value of C,;

10-3 % 10-4"*
+5x

3 .
El (0)=—32x%+C1><(10)+(0);+20><

12
= C,=365.0
Therefore, the complete expressions for slope and deflection:
98 _ L[ 16x2+365'+10 x—3 7 +1.667 x—4° (2.89)
dx El : :
A= é(—5.333x3 +365%.+3.333 x-3° +0.417 x4 “j (2.90)

(iii) Maximum slope:
The maximum slope in simply supported beam occurs at one of the support locations.

A 1

0, =921 =L (16 (0)? +365)= 2% radians
dx|,_, El El

eAzd_A = L[ 6% (10)? +365.+10x 10-3 % +1.667x 10-4°
x|, El : :
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-384.928 .
=———radians

Therefore, the maximum slope is 6, ., = 38?;?28 radians

(iv) Maximum deflection:

The maximum deflection in simply supported beam occurs where the direction of slope
changes (i.e., dA/dx=0). Since the values of the slopes at end ends are nearly same but opposite
in sign, the change of sign mostly occurs around the mid-point. Assume the direction of slope
changes in the third segment (i.e., CA). Therefore, all the three segments together are considered.

9 1 6x? 1365 110 x—3% 11.667 x—4° |=0
dx EI : :
1.667x° — 26xX2 + 20X +348.312 =0
x, =13.580, x, =5.058 and x, =-3.042
Therefore, x =5.058 m is the admissible solution.
NN 5,333 (5.058)° + 365 (5.058), + 3.333x 5.058-3°"

max X=5.058 El

+0.417x 5.058—-4"

1185.650
=—————m
El

Example 2.19: A simply supported beam of span 10 m is subjected to a point load of 50 kN at 6 m
from the right support, and a uniformly distributed load of 10 kN/m spanning over 6 m from the
left hand support. Determine the maximum slope and deflection.

Solution:

The simply supported beam with multiple loads is shown in Figure 2.25.

Figure 2.25 Simply supported beam with multiple loads (Example 2.19)
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The reactions at the supports are obtained by applying the equilibrium conditions as
F,=0 =V, +V,-10x6-50=0
=V, +V, =110

M;=0 = VA><10—10><6><(2+4J—50><6=0

Therefore, V, =72.0 kN and V, =38.0 kN.
By taking B as origin, the moment of all the forces on the right of the section is
X—4

M =Vg x X, ~10x X—4 x——— ~50x X—6 =38K.—5 x—4 .50 x—6
The expression is partitioned by dotted lines for different segments. The governing differential
equation of the elastic curve is
d’A : 2t
El r =-38X.+5 x—4 . +50 x—-6

X2

The first and second integrations yield the expressions for slope and deflection respectively as

2 : x—4°: X—6"°
£1 94 _ 38, X ¢ 45 450
dx 2 : :

3

X—6

3 : 4

X : X—4
El A=—38x€+cl><x+cz,+5x

" 150x

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At the roller support B, the value of deflection is zero, x=0 A =0
BC (ii): At the hinged support A, the value of deflection is zero, x=10 A =0

Since both the boundary conditions are corresponding to the deflection at two locations, only
deflection equation should be used for evaluating the constants C, and C, .

By applying the first boundary condition;

El (o):—38x%+cl-(0)+c:2

= C,=0
By applying the second boundary condition and the substituting the value of C,;
3 P10-4 "% 10-6"°
El (0)=—38><(1O) +C, x(10) +0.+5x +50x

= C, =526.0
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Therefore, the complete expressions for slope and deflection:

9A _ 11 10y 4+ 526'11.667 x—4 425 x—6 ° (2.91)
dx El : :
A:%[—6.333x3 +526%.+0.417 x4 * +8.333 x—6 3} (2.92)

(i) Maximum slope:
The maximum slope in simply supported beam occurs at one of the support locations.

O, _ga :i(—lgx(O)2 +526)=@
dx|_, El El
6, :?TA :il(-lgx(lo)2 1+526.+1.667x 10-4 > +25x 10— 6 2}:% radians
X x=10 . .

613.928 .
radians

Therefore, the maximum slope is 6, ., =

(if) Maximum deflection:
The maximum deflection in simply supported beam occurs where the direction of slope

changes (i.e., dA/dx=0). Assume the direction of slope changes in the second segment (i.e., DC).

9A _ 11 19w 1506 +1.667 x—4° |=0
dx El :

1.667x° —39x° +80x +419.312=0

= x, =20.447, x, =5.279 and x, =-2.330

Therefore, x =5.279 m is the admissible root.

= A i[—6.333x(5.279)3+526><(5.279)§+0.417>< 52794 “]

x=5.279 = El

A

max

1846.195
=———m
El

Note: In Examples 2.16—2.19, the moment expression can be written by keeping the left support
(i.e., A) as origin. However, in Examples 2.18 and 2.19, when the moment expression is written by
taking A as origin, as the uniformly distributed load is discontinued, additional load should be
assumed both in downward and in upward directions for the remaining portion till the end (i.e., B).
Therefore, if the distributed load is given in the left end, then taking origin from the right end, and
vise-versa would simplify the moment equation.
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Example 2.20: A simply supported beam of span 10 m is subjected to two concentrated loads of 30
kN and 40 kN at 2 m and 8 m from the left support, and a uniformly distributed load of 10 kN/m
spanning over 5 m starting at 3 m from the left support. Determine the maximum slope and
deflection.

Solution:
The simply supported beam with multiple loads is shown in Figure 2.26(i).

30 kN 40 kN
10 kN/m

30 kN 40 kN

10 kN/m

(ii) Loads considered

Figure 2.26 Simply supported beam with multiple loads (Example 2.20)
The reactions at the supports are obtained by applying the equilibrium conditions as
Fy =0 =V, +V, -30-10x5-40=0
=V, +V, =120

M;=0=vV, ><10—30><8—10><5><[g+2J—40><2=0

V, =54.5 kN
V, =65.5 kN

For getting a continuous function (due to the distributed load) in all segments while taking A as
origin, the uniformly distributed load of 10 kN/m is added in the segment EB both in downward
and upward directions as shown in Figure 2.26(ii). By taking A as origin, the moment of all the
forces on the left of the section is

X—8

: : x-3:
M =V, xx.-30x x-2 .-10x x-3 x .—40%x x-8 +10x x—-8 x

—545% —30 X—2 —5 Xx—32 40 x—8 +5 x—8°

The expression is partitioned by dotted lines for different segments. The governing differential
equation of the elastic curve is
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2 . . .
El ‘; B o 545x'130 x—2 ' +5x-3°440 x-8 5 x-8°
X : : :
The first and second integrations yield the expressions for slope and deflection respectively as
dA NG : x—2"° x—-3°: x—8° x—-8°
El — =-545x—+C,.+30- +5- .+40- -5.
dx 2 : 2 3 2 3
X3 : x—2°" x—3 " x—8° x—8"
El A=-545x—+C, -x+C, . +30- .+5: .+40- -5
6 : 6 : 12 6 12

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

BC (i): At the roller support B, the value of deflection is zero, x=0 A =0
BC (ii): At the hinged support A, the value of deflection is zero, x=10 A =0

Since both the boundary conditions are corresponding to the deflection at two locations, only
deflection equation should be used for evaluating the constants C, and C, .

By applying the first boundary condition;

El (0) =—54.5><@+C1 x(0)+C,

6
= C,=0
By applying the second boundary condition and the substituting the value of C,;
10° : 10-2°: 10-3 *
—545x—+C, x(10) +0.+30x .+5x% .
6 : : 12
El(0)= \ ,
10-8 10-8
+40 % —5x
6 12
= C, =547.625
Therefore, the complete expressions for slope and deflection:
dA 1 |-27.25x* +547.625.+15 x—2 ° . +1667 x—3°. 253)
Bl 20 x-82-1.667 x-8°
1] -9.083x +547.625% +5 x—2 °.+0.417 x-3* 2.9
Ell 16667 x—8° 0417 x-8*
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(iii) Maximum slope:
The maximum slope in simply supported beam occurs at one of the support locations.

_dA 1 547.625

6, =—| =—(-27.25x(0)*+547.625)= radians
A EI( ©) )

CdA|  1|-27.25x10%+547.625,+15x 10-2°,+1667x 10-3°

9 ==
® dx|_, EI

+20x 10-8°-1.667x 10-8°

-578.930 .
=——radians

Therefore, the maximum slope is 6, ., = 57?5'?30 radians

(iv) Maximum deflection:

The maximum deflection in simply supported beam occurs where the direction of slope
changes (i.e., dA/dx=0). Assume the direction of slope changes in the third segment (i.e., DE).

9A L g o5x? 1547.625 115 x—2 2 +1.667 x—3° |=0
dx El : :
1.667)¢ — 27.25x% —15x +562.625 =0

— x, =15.526, x, =5.091 and x, = —4.270

Therefore, x=5.091 m is the admissible root.

1 | -9.083x (5.091)° +547.625x (5.001) +5x 5.091-2°;

A = A|x:5.091 = a

+0.417x 5.091-3"°

1745.090
=————m
El

Example 2.21: An overhanging beam of span 10 m is subjected to multiple lateral loads as shown
in Figure 2.27(i). Determine the maximum slope and the maximum deflection.

Solution:

For getting a continuous function (due to the distributed load) in all segments while taking A as
origin, the uniformly distributed load of 10 kN/m is added between C and E both in downward and
upward directions as shown in Figure 2.27(ii).
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X=>
r am AVlmAV 3m r2m—y

(i) Loads given
20 kN 5 kN

(ii) Loads considered

Figure 2.27 Overhanging beam with multiple loads (Example 2.21)
The reactions at the supports are obtained by applying the equilibrium conditions as
F,=0 =V, +V, -10x4-20-5=0
= V, +V; =65
M, =0 = —5x10+V,; x8—-20x5-10x4x(4/2)=0
Therefore, V, =36.25 kN and V, =28.75 kN.
By taking A as origin, the moment of all the forces on the left of the section is

: X—4: :
M =VA><X—1O><XX§:+1O>< X—4 x .—20x X=5 . +Vgx x-8

—36.25X—5x% +5 x—4° —20 X—5 +28.75 x—8

The expression is partitioned by dotted lines for different segments. The governing differential
equation of the elastic curve is
d’A ) % :
EId =-36.25x+5x°, -5 x—4 " . +20 x-5 ,—28.75 x-8

X2

The first and second integrations yield the expressions for slope and deflection respectively as

2 8 : X— x—8°
192 _ _36.25x X 1 5x X 1c, o5
dx 2 3 :

X—5°

3. .
+20x% .—28.75x

4. 3

: X—5
+20x

3

X—8

X3 x* : X
El A=-36.25x—+5x—+C xx+C, —5x
6 12 : 12

where C, and C, are the constants of integration, which need to be evaluated using the boundary
conditions as follows.

f—28.75><
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BC (i): At the hinged support A, the value of deflection is zero, Xx=0 A=0
BC (ii): At the roller support B, the value of deflection is zero, x=8 A=0

Since both the boundary conditions are corresponding to the deflection at two locations, only
deflection equation should be used for evaluating the constants C, and C, .

By applying the first boundary condition;

3 4
El (0):—36.25><%+5x%+clx(O)+C2

= C,=0
By applying the second boundary condition and the substituting the value of C,;
3 4 : 1% _g3: _a?d
El (O)=—36.25x%+5><(;3; +C, % (8)+0.-5x +20x% .—28.75x
= C, =175.417
Therefore, the complete expressions for slope and deflection:
dA 1 |-18.125x +1.667x +175.417.~1.667 x—4° . +10 x—5 " 2.95)
¢ Bl 14375 x—8~
1| —-6.042x° +0.417x" +175.417x, 0417 x—4 * +3.333 x5 °. 2.96)
Ell 4792 x-8°

(i) Maximum slope:

The maximum slope in overhanging beam occurs at either one of the support locations or at
the free end of the overhang.

), = dAl _ i(—18.125x (0)° +1.667 x(0)° +175.417) = 1587 odians
dx|,_, El
dA 1 2 3 3 2
0B=& =5 ~18.125x 8" +1.667x8° +175.417-1.667x 84 +10x 8-5
x=8 . .
~147.767 .
=———radians
18.125x10% +1.667x10° +175.417 —1.667x 10— 4 °
P _d_A 1 : :
® dx

El :
10 +10x 10-5 *,~14.375x 10-8 °
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-137.655 ..
=———radians

. . 175417 _ .
Therefore, the maximum slope is 6., = 5EI radians

(i) Maximum deflection:

The maximum deflection in overhanging beam occurs where the direction of slope changes
(i.e., dA/dx=0) between the supports or at the free end.

Assume the direction of slope changes in the first segment (i.e., AC).
da _ i(—18.125x2 +1.667x° +175.417) =0
dx El
1.667x° —18.125x* +175.417=0 = x, =-2.777, x, =9.771 and x, = 3.879
Therefore, x =3.879 m is the admissible solution.

Al s = %(—6.042x (3.879)° +0.417x (3.879)" +175.417x (3.879)) = 122205
~6.042 (10)° + 0.417 x (10)* +175.417 (10).
: —279.973
A=A, == - - =" m
x=1 El 4" 3 3 El
~0.417x 10-4 *1+3.333x 10-5 " —4.792x 10-8
Therefore, A, = 42;205 m

The negative sign of A_ indicates that the deflection is in the opposite direction (i.e., upwards).

The standard formulas can also be used to determine the slope and deflection. This mainly helps in
determining the maximum slope and the maximum deflection for cantilever beams subjected to
multiple loads. Consider a cantilever beam with two point loads W, and W, as shown in Figure

2.28(i). As already seen, the maximum slope and the maximum deflection occur at the free end
(i.e., at B). Therefore, the values of slope and deflection at B can be obtained by superimposing the
individual effects due to the point loads W, and W, at B.

The deflected shape due to W, is a nonlinear curve between A and B' as shown in Figure
2.28(ii). However, the deflected shape due to W, is a nonlinear curve between A and C', and a
linear curve (i.e., inclined line) between C' and B'as shown in Figure 2.28(iii). Therefore, the
slope and the deflection at B due to W, can be determined directly using the respective formulas.
However, the slope and the deflection at B due to W, cannot be directly obtained as the formulas
are not available.
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0 &

(ii) Deflection due to Wi B’
W,
gﬁ‘ a vC La
* ~u -
e Ry AZ
0% B

(iii) Deflection due to W2

Figure 2.28 Cantilever beam with multiple loads
(i) SlopeatB (6;):
Theslope at B, 6, =6 +6;

1. LWL
where, 0 is the slope at Bdueto W, ; 6; = SE]
2 is the slope at B due to W, which is equal to 6 as the curve C'B' is linear;
W,a?
05 =02 =2
° C 2El
(i) Deflectionat B (A ):
The deflection at B, Ag =Aj, +AZ
1. . 1 W1L3
where, Ay is the deflection at B due to W, ; Ap = 3E]
Ag is the deflection at B due to W, ; Az =BB"+B"B'=A% +6; x(L-a)
3 2
_Weal +W2a x(L-a)
3El 2El

The sign of the slope formulas (i.e., negative) for cantilever beams is ignored in the above
calculations to avoid confusion while obtaining the deflections.




112 | Slope and Deflection

Example 2.22: A cantilever beam of span 6 m is subjected to three concentrated loads of 30 kN, 25
kN and 20 kN respectively at 3 m, 5 m and 6 m from the fixed end as shown in Figure 2.29.
Determine the slope and deflection at the free end.

30 kN 25kN 20 kN

Figure 2.29 Cantilever beam with multiple loads (Example 2.22)

Solution:
The slope at D, 6, =605 + 05 + 65

20x 6% 360
Slope at D due to 20 kN; 6%° = x0 _ oY
2El El
25x5° 3125
Slope at D due to 25 kN (equal to slope at C); 65° = —2; BT
2
1
Slope at D due to 30 kN (equal to slope at B); &5’ = 32;3 = §
Therefore, the slope at D, 6, = 360 3125 135 8075 iians

b W
El El El El
The deflection at D, Ap =AY + A% +AY

3
Deflection at D due to 20 kN; AZ = 20x6° _ 1440
3El El
25x5°  25x5° 1354.167
Deflection at D due to 25 kN; A> = 5x5 + 5x5 x(6—5)=—35 6 m
3El 2El El
3 2
Deflection at D due to 30 kN; AY = 30x3 | 30x3 x(6_3):@ m
3El 2El El
Therefore, the deflection at D, A, = M:I'O + 135;167 +% :—346;167 m

The above answers are same as the ones obtained using Macaulay’s method in Example 2.11.
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Example 2.23: A cantilever beam of span 6 m is subjected to three loads as shown in Figure 2.30.
Determine the slope and deflection at the free end.

20kN 25 kN

10 kN/m

Figure 2.30 Cantilever beam with multiple loads (Example 2.23)

Solution:

The slope at D, 6, =62 + 62 + 65

25x 6° _ 450
2El El

Slope at D due to 25 kN; 62 =

20x5° 250
Slope at D due to 20 kN (equal to slope at C); &5’ = 2; =

10x3® 45 .
Slope at D due to 10 kN/m (equal to slope at B); 65 = ﬁ = Bl (formula for UDL is used)

450 250 45 745

Therefore, the slope at D, 6, = + +—=—— radians
El  ElI ElI EI
The deflection at D, Ap =AY +AZ + Al
. 25x6° 1
Deflection at D due to 25 kN; AY = >x6 _1800
3El El
3 2
Deflection at D due to 20 kN; A = 20x5 + 20%5 ><(6—5):M m
3El 2El El
10x3* 10x3° 236.2
Deflection at D due to 10 kN; A} = 0x3 + 0x3 x(6-3)= 36.25 m (formula for UDL)
8El 6EI El
Therefore, the deflectionat D, A, = 18E(I)O + 108;333 + 23325 = 311;583 m

The above answers are same as the ones obtained using Macaulay’s method in Example 2.12.
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Example 2.24: A cantilever beam of span 9 m is subjected to a point load of 30 kN at the free end,
and a uniformly distributed load of 20 kN/m over a span of 4 m starting at 2 m from the fixed end
as shown in Figure 2.31(i). Determine the slope and deflection at the free end.

Solution:
As the standard formulas are not available for discontinuous uniformly distributed load, the load is
assumed over the segment AB both in downward and upward directions as shown in Figure 2.31(ii).

(i) Loads given

20 kN/m
. !

\20 kN/m

(ii) Loads considered

Figure 2.31 Cantilever beam with multiple loads (Example 2.24)

oupward

The slope at D, 6, =62 + 6% — 62

2 121
Slope at D due to 30 kN; &5’ = 30x9" 1215
2El El
20x6° 720
Slope at D due to 20 kN/m (equal to slope at C); 5’ = ﬁ =5
was 20x2° 26,667
Slope at D due to 20 kN/m (upward) (equal to slope at B); &5’ = 6; ==
Therefore, the slope at D, 6, = 1215 720 26.667 1908333 .. nc
El  EI El El
The deflection at D, Ay =A¥® + AZ — AZ™™
i 30x9° 7290
Deflection at D due to 30 kN; A% X9 e
3El El
4 3
Deflection at D due to 20 kN/m; A% = 206" 20x6 %(9-6)= 5400
8EI 6EI El
was 20x2° 20x2° 226.667
Deflection at D due to 20 kN/m (upward); AY " = 0x + 0x x(9-2)= 6.66 "
8EI  6EI El
Therefore, the deflection at D, A, = 7;?0 + 52?0 - 22?5'?67 = 1246ESI.333 m

The above answers are same as the ones obtained using Macaulay’s method in Example 2.14.




The formulas for slope and deflection in cantilever and simply supported beams for standard

loads are presented in Table 2.3.
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Table 2.3 Formulas for slope and deflection

El

Beam Slope Deflection
6, =0 Ay =0
_-wL? _we
NPT 36
6, =0 Ay =
®  6El ® 8EI
6, =0 A, =0
—wl® _owl!
® ” 24EI ®  30El
6, =0 A, =0
6, _-ML _mr
El ®  2El
2
A~ l\GNELI AA :AB 3:0
; WL
WL © ” 48El
16El
. _ow A, =A, =0
24E| \
wl? c _ o Wb
o= 384 El
24El
L A, =A, =o4
A~ 45EN . :%VIVEII
7wl )
® 360 El | A, = 0.006522% (at 0.481L from A)
. ML A, =Ag 2=0
"osE ¢ 1'\6{,';
— ML 2
® " 6EI A =006415M (at 0.423L from A)
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UNIT SUMMARY

v

When a structural member is subjected to lateral loads, slope is defined as the displacement
in the rotational direction and the deflection is defined as the displacement in the linear
direction.

Stiffness is defined as the force required to cause the displacement.

Governing differential equation of elastic curve when sagging moment is observed:
d’A
dx?
The double integration method is effective when a continuous moment function throughout
the length is possible.

El -M

The known conditions of slope and deflection (usually zero values) at the ends are called
boundary conditions.

The maximum slope and deflection occur at the free end of cantilevers.

The maximum slope occurs at the supports, and the maximum deflection occurs at a point
where the direction of slope changes in simply supported beams.
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EXERCISES

2.1.

2.2.

2.3.

2.4.

2.5.

2.6.

2.7.

2.8.

2.9.

2.10.

A cantilever beam of span 6 m is subjected to a point load of 20 kN at the tip, and a
uniformly distributed load of 10 kN/m over a span of 4 m from the fixed end. Find the
values of slope and deflection at the mid-span and free-end locations. Take the flexural
rigidity as 6000 kNm2,

A cantilever beam of span L is subjected to a uniformly varying load with w at the free end
and zero at the fixed end. Derive the expressions for slope and deflection, and find the
values of maximum slope and deflection.

A cantilever beam of span 9 m is subjected to 30 kN loads at every 3 m span. Find the
maximum deflection if the cross-section is 200x300 mm, and the modulus of elasticity is
210x10° MPa.

A cantilever beam of span 6 m is subjected to a uniformly distributed load of 20 kN/m
(downwards) over the half-span from the fixed support. Determine the point load
(upwards) required at the free end to nullify the deflection (at the free end) caused due to
the load applied (i.e., 20 KN/m).

Derive expressions for the slope and deflection of a cantilever beam subjected a triangular
load (with zero intensity at the support and a peak value w at the free-end). Assume the
beam to have a span L and a uniform flexural rigidity EI.

A simply supported beam is subjected to point loads of W each at every one-third of the
span. Determine the values of maximum slope and deflection.

A simply supported beam if span 6 m is subjected to a uniformly distributed load of 25
kN/m over the half-span from the left support. Derive the expression for the slope and
deflection, and determine the maximum slope and deflection.

Derive expressions for the slope and deflection of a simply supported beam subjected to a
distributed gravity load of total magnitude W, having a triangular distribution (with zero
intensity at the two supports and a peak value at the mid-span location). Assume the beam
to have a span L and a uniform flexural rigidity EI.

A simply supported beam of span 10 m is subjected to a clockwise moment of 50 KNm at
the mid-span. Determine the values of maximum slope and deflection.

A simply supported beam of span 8 m is subjected to a uniformly distributed load of 20
kN/m over the entire span, and point loads of 5 kN each at every 2 m. Find the values of
maximum slope and deflection.
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QR Code for Slope and Deflection

NPTEL Lecture: https://www.youtube.com/watch?v=q7GORMtrKr8



Fixed and Continuous Beams

UNIT SPECIFICS

This unit discusses the following aspects.
e Concept of fixity and its advantages
e Force responses of fixed beams
e Force responses of continuous beams

RATIONALE

In general, many civil engineering structures are statically indeterminate. Analysis of statically
indeterminate structures require understanding of both the force and displacement responses of
statically determinate structures which are already covered in the earlier chapters. This chapter
presents the procedure for analyzing statically indeterminate structures such as fixed and
continuous beams for force responses.

UNIT OUTCOMES

List of outcomes of this unit is as follows.

U3-0O1: Describe the concept of fixity

U3-02: Describe the advantages of fixity
U3-03: Describe the principles of superposition
U3-04: Analysis of fixed beams

U3-05: Analysis of continuous beams

Mapping of Unit-3 Outcomes with Course Outcomes *

CO-1 CO-2 | CO-3 | CO4 | CO-5
uU3-01 1 1 3 2 1
U3-02 1 2 3 2 1
U3-03 1 1 3 2 1
U3-04 1 3 3 2 1
U3-05 1 3 3 2 1

* (1- Weak correlation; 2- Medium correlation; 3- Strong correlation)
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3.1 Introduction

Statically determinate structures (e.g., cantilever and simply supported beams) can be solved by
applying statics equilibrium equations. However, the solution of statically indeterminate structures
is not straightforward due to their redundant nature. Most civil engineering structures are statically
indeterminate, and the force responses of such structures are the primary requirement for the design.
Therefore, it is essential to understand both the force and displacement responses of statically
determinate structures for analyzing statically indeterminate structures such as fixed and
continuous beams. The concepts covered in Chapter 2 for determining the slope and deflection of
statically determinate structures are readily applied in this chapter.

3.2 Concept of Fixity

Fixity is a condition of support in which all displacements are restrained. Consequently, reactions
are developed in horizontal, vertical and rotational directions in a two-dimensional system. When
the ends of a beam are fixed, more reactions are developed, and the beam becomes statically
indeterminate.

3.3 Fixed Beam

If the two ends of a beam are supported by fixed supports, the beam is termed as fixed beam (also
called built-in or encastered beam). It can be understood in two ways:

(i) A cantilever beam has two degrees of freedom at the free end (axial deformation is ignored
as it is not significant) namely rotation (i.e., slope) and the deflection. Therefore, a fixed
beam can be visualized as a cantilever beam with the degrees of freedom at the free-end
arrested. This means that the fixed beam typically has a degree of static indeterminacy
equal to two (the vertical reaction and the moment reaction can be considered as redundant
forces). Hence, two additional equations are required to solve the problem apart from the
static equilibrium equations.

(ii) A simply supported beam has two degrees of freedom (i.e., one rotation at each support).
Therefore, a fixed beam can be visualized as a simply supported beam with the degrees of
freedom at the supports arrested. Again, the degree of static indeterminacy is two (one
moment reaction at each support can be considered as redundant forces).

3.3.1 Advantages of Fixed Beam

The advantages of fixed beam are

(i) As the ends of beam are fixed, the stiffness of structure increases. Therefore, it deflects
less compared to simply supported beams.

(if) As the moments are redistributed, the maximum moment decreases. Therefore, long-span
structures can be constructed.

(iii) As the moment variation along the length has both sagging and hogging nature, efficient
utilization of reinforcement in concrete structures is possible wherever required.

(iv) It is more stable and stronger.
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3.3.2 Principle of Superposition

When a linearly elastic structure is subjected to a number of loads, the resultant effect (i.e., force
or displacement responses) is the algebraic sum of the effects produced by individual loads at a
particular point. This principle is useful in solving complex structural analysis problems by
superimposing the solutions of the decomposed simple problems. In a simpler sense, the statically
indeterminate structures can be decomposed into a series of statically determinate structures for the
purpose of performing the analysis.

3.3.3 Analysis of Fixed Beam
A fixed beam with arbitrary loading is shown in Figure 3.1. The free-body diagram of the beam
shows that there are four reactions (V,, Vi, Mj; and M[,), in which V, and V; are the vertical

reactions; M}, and MF, are the moment reactions (called fixed-end moments). As the degree of
static indeterminacy is two, any two reactions can be considered as redundant forces so as to treat
the beam as statically determinate. If V; and M [, are considered as redundant, then the beam is a

cantilever beam with two redundant forces at B. If M}, and M[, are considered as redundant,
then the beam is a simply supported beam with one redundant force for each support.

W

Reactions and deflected shape

Figure 3.1 Fixed beam with arbitrary loading
3.3.4 Superposition of Cantilever Beam Effects

A fixed beam can be visualized as a cantilever beam with the degrees of freedom at the free-end
arrested. Therefore, the fixed beam with arbitrary loading can be decomposed into a cantilever

beam with the given loading, and a cantilever beam with redundant forces (R, =V, and R, =M},)

as loading at the free end (i.e., at B) as shown in Figure 3.2.

In the original fixed structure, the slope and deflection are zero at B. Therefore, the algebraic
sum of slope (at B) of (i) the cantilever beam subjected to given loading, and (ii) the cantilever
beam subjected to the redundant forces as loading, is equal to zero. Similarly, the algebraic sum of
deflection (at B) of (i) the cantilever beam subjected to given loading, and (ii) the cantilever beam
subjected to the redundant forces as loading, is equal to zero.
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O +65 =0 (3.1)
Ag+AF =0 (3.2)
where

65 is the slope at B due to given load (i.e., in clockwise direction)

Ag is the deflection at B due to given load (i.e., in downward direction)
g5 isthe slope at B due to R, and R, (i.e., in anti-clockwise direction)
A} is the deflection at B due to R, and R, (i.e., in upward direction)

Figure 3.2 Superposition of cantilever beam effects

In Eq. (3.1) and Eq. (3.2), 65 and Ag can be readily obtained using the formulas (for standard
loading cases). In the similar way, 65 and Af can be written using the formulas as functions of

R, and R, . Therefore, by solving Eq. (3.1) and Eq. (3.2), the values of R, and R, are obtained.
Consider a fixed beam with mid-span point load as shown in Figure 3.3.

Figure 3.3 Fixed beam with mid-span point load
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Since the supports at A and B are fixed, the values of slope and deflection are zero at both the
support locations. When the beam is considered as a cantilever beam (fixed at A, and free), the

redundant forces at Bas R, =V, (vertical force) and R, = M £, (moment force) should be evaluated
by applying the compatibility of displacements at B.

0, =05 +6% =0 (3.3)
Ay =A5+AL =0 (3.4)
where
W (L/2) 2

2El 8El
Ag =Ag + 65 x(L/2)

_Ww(L/2) +W(L/z)2 (L) W

~ 3El 2El (/)_48EI
-RL*> RL
0§:6§1+H§2:—2é| +ﬁ

P83 2
Af =AR +AZ = RL L RL
3El 2El

Therefore, Eq. (3.3) and Eq. (3.4) become;

2 2

WL - RL - RpL =0 (3.5)
8EI 2El El

3 P13 2
WL - RL +R2L =0 (3.6)
48EI 3El  2El

By solving Eq. (3.5) and Eq. (3.6);

w
A
R, WL

8

After getting the values of R, and R,, the force responses (i.e., shear force and bending moment
diagrams) of the given fixed beam can be obtained by considering the beam as a cantilever beam
with three loads: (i) given load (i.e., W acting at the mid-span in downward direction), (ii) R, (i.e.,
W/2 acting at B in upward direction), and (iii) R, (i.e., WL/8 acting at B in clockwise direction)
as shown in Figure 3.4 (ii).
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Now, free-body diagram of the cantilever is drawn with support reactions at Aas V, and M,
as shown in Figure 3.4 (iii). By applying the equilibrium conditions;

Fy=0 :VA—W+V?\/=0

w
:>VA :?
M,=0= V—VXL—VE—WXE+MA=O
2 8 2
WL
= MA:?

The obtained values of V, and M, are positive, which means the assumed directions of V,
(i.e., upward) and M, (i.e., anti-clockwise) are correct, and M, is the fixed end moment at A (i.e.,
M, = M;B ).

Shear force diagram:

W
SA 2? kN

Set LN
2

Sgo Wow =Y
2 2

-W
SB ZT kN

Bending moment diagram:

M, =L um
8
WL
M. =——
c 8
—"SV WL eNm

j— L —
8

=——+—X

L
+VAXE
W L
2 2
o=

The values of M, and M; are considered negative as these moments cause hogging nature. The
shear force and bending moment diagrams are shown in Figures 3.4 (iv) and 3.4 (V) respectively.
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(i) Fixed beam

W Wi2
" { ~
4 L2 L/2 lesf

(i) Cantilever beam with determined
redundant forces as loads

Ma W W/2
s | j
L/2
T\A / L7z WL/8
Va .
(iii) Free-body diagram
W/2 + W/2

Wr2 - Wi2

(iv) Shear force diagram

/Jr\\j WL/8
WL/8 E;/ V\ijwus

(v) Bending moment diagram

Figure 3.4 Force responses of the fixed beam with mid-span point load
3.3.5 Superposition of Simply Supported Beam Effects

A fixed beam can be visualized as a simply supported beam with the degrees of freedom at the
supports arrested. Therefore, the fixed beam with arbitrary loading can be decomposed into a
simply supported beam with the given loading, and a simply supported beam with redundant forces
(R, =M/, and R, =M[,) as loading at the supports as shown in Figure 3.5.

In the original fixed structure, the values of slope at A and B are zero. Therefore, the algebraic
sum of slope (at A) of (i) the simply supported beam subjected to given loading, and (ii) the simply
supported beam subjected to the redundant forces as loading, is equal to zero. Similarly, the
algebraic sum of slope (at B) of (i) the simply supported beam subjected to given loading, and (ii)
the simply supported beam subjected to the redundant forces as loading, is equal to zero.
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Figure 3.5 Superposition of simply supported beam effects

O +68 =0 (3.7)
Ot +65 =0 (3.8)
where

0, is the slope at A due to given load (i.e., in clockwise direction)

0% is the slope at B due to given load (i.e., in anti-clockwise direction)

0, is the slope at Adueto R, and R, (i.e., in anti-clockwise direction)

65 isthe slope at B due to R, and R, (i.e., in clockwise direction)
In Eg. (3.7) and Eq. (3.8), @5 and 65 can be readily obtained using the formulas (for standard
loading cases). In the similar way, 87 and 65 can be written using the formulas as functions of
R, and R, . Therefore, by solving Eq. (3.7) and Eq. (3.8), the values of R, and R, are obtained.

Consider a fixed beam with mid-span point load as shown in Figure 3.6.

Figure 3.6 Fixed beam with mid-span point load
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When the beam is considered as a simply supported beam, the redundant forces at Aas R, =M,

(moment force), and at B as R, =M, (moment force) should be evaluated by applying the
compatibility of displacements (i.e., the values of slope at A and B are zero).

0, =05 +07 =0 (3.9
O, =65 +68 =0 (3.10)
where
LWL
" 16EI
LWL
®  16EI
L RL
o =g~ + g& :R1_+L
AR A 3EL 6EI
-RL R,L
OF =0% + O Rt R
B 7P BEl 3E
Therefore, Eq. (3.3) and Eq. (3.4) become;
_\ 2
WL +(R1L+R2Lj:0 (3.12)
16El 3El 6El
2 f—
WL +( RL_RL)_, (3.12)
16EI 6El  3EI
By solving Eq. (3.11) and Eqg. (3.12);
WL WL

=—and R, =—
R 8 2 8

After getting the values of R, and R,, the force responses (i.e., shear force and bending moment
diagrams) of the given fixed beam can be obtained by considering the beam as a simply supported
beam with three loads: (i) given load (i.e., W acting at the mid-span in downward direction), (ii)
R, (i.e., WL/8 acting at A in anti-clockwise direction), and (iii) R, (i.e., WL/8 acting at B in
clockwise direction) as shown in Figure 3.7 (ii).

Now, free-body diagram of the simply supported beam is drawn with support reactions at A as
V, and at B as V; as shown in Figure 3.7 (iii). By applying the equilibrium conditions;

F,=0=V,-W+V,=0
WL L WL

M,=0=V,xL-—-Wx—+—=0
8 2 8

=V, =W/2, and V, =W/2.
The obtained values of V, and V; are positive, which means the assumed directions (i.e., upward)
are correct.
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Shear force diagram:

W
S, =— kN
A2
s =i
2
Sgght:V_V_W:ﬂ kN
2 2
-W
S, =—— kN
B2

L/2
(i) Fixed beam

W
WL/8 l WL/8

AN L/2 L/2 A\

(ii) Simply supported beam with determined
redundant forces as loads

WL/8 \1\/ WL/8
f\ L/2 L/2 A/f
Va Ve

(iii) Free-body diagram

W/2 + Wi2

Wi2 - Wi2

(iv) Shear force diagram

m WL/
wL/8 V HWL’S

(v) Bending moment diagram

Figure 3.7 Force responses of the fixed beam with mid-span point load
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Bending moment diagram:

MA:ﬂ kNm
8
-WL L
Me=——+V,x—
C 8 AXZ
M WL WL Nm
8 2 2 8
MB:% kNm

The values of M, and M, are considered negative as these moments cause hogging nature. The

shear force and bending moment diagrams are same as shown in Figures 3.7 (iv) and 3.7 (v)
respectively.

Even though the same results are obtained in Figures 3.4 and 3.7, considering the simply
supported beam is more convenient for drawing the bending moment diagram. Because, the final
bending moment diagram is directly obtained by the superimposition as shown in Figure 3.8.
Therefore, if the fixed end moments are known for standard load cases, then the fixed beams can
be easily analysed for the force responses.

W w
C N ‘ 3 i E
A\ P E k

+WL/4 = /(X -
WL/ - , L . V _____________ Kij

Figure 3.8 Bending moment diagram by superposition

3.3.6 Fixed End Moments

When a fixed beam is treated as a simply supported beam with moment reactions at the supports as
two redundant forces, the primary objective is to obtain the values of these redundant forces. These
moment reactions are called fixed end moments.

Case-1: A fixed beam with mid-span point load
From Section 3.6.2,

M, = V% (anti-clockwise)

ME, = V% (clockwise)
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Case-2: A fixed beam with a point load at a distance “a” from the left support
Let a fixed beam be subjected to a point load at a distance of “a” from A, and “b ” from B, so that
L=a+b. The beam is considered as a simply supported beam with the support moments as the

redundant forces R, =M, , and R, = M, respectively at A and B as shown in Figure 3.9.

Figure 3.9 Fixed beam with a point load

Applying the conditions of slope at A and B,

0, =05 +07 =0 (3.13)
O, =05 +05 =0 (3.14)
where
L —Wab
= a+2b
" 6EIL( )
Wab
0t =——(2a+b
? 6EIL( )
L RL
o =g~ + g& :R1_+L
ATA A 3EL BEI
A . L
6ElI  3EI
Therefore, Eq. (3.13) and Eq. (3.14) become;
Wab a2p) [ RE L RL)_g (3.15)
6EIL 3El 6El

W_ab(2a+b)+(i1'-_EJ=o (3.16)
6EIL 6EI  3El
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By solving Eq. (3.15) and Eqg. (3.16);
Wab?®
R=—5
Wa’b

R,

Therefore,
2
Mg = WLLZb (anti-clockwise)

Wa’b

L2

Mg, = (clockwise)

When more than one load is applied, the fixed end moments can be obtained by superposition of
the individual fixed end moments. For example, a fixed beam AB of span “L” is subjected to two

point loads: W, is acting at a distance of a, from A (which means b, from B); and W, is acting at
a distance of a, from A (which means b, from B), so that L=a, +b =a, +b,. The fixed end
moments are

W,a,b? +W2a2b22

Mg = (anti-clockwise)

L2 L2
2 2
MFE, = Wli‘; b, WZE‘;bZ (clockwise)

Case-3: A fixed beam with uniformly distributed load over the entire length

Let a fixed beam be subjected to a uniformly distributed load over the entire length. Similar to the
previous case, the beam is considered as a simply supported beam with the support moments as the

redundant forces (R, =M, at A, and R, =M, at B).
Applying the conditions of slope at A and B,

0, =0-+08 =0 (3.17)
0, =65 +68 =0 (3.18)
where
L _ _WL3
A 24E|
Coowe
8 24EI
L RL
OR = 0% + o% =R1—+L
ACTACTA U 3EL BEI
-RL R,L

% =00 = GE
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Therefore, Eq. (3.17) and Eq. (3.18) become;

= 3
wl (RL RLY_, (3.19)
24E1 (3El  6EI

3 p—
wi +[ Rll‘—RZ"J=0 (3.20)
24El 6ElI  3EI
By solving Eqg. (3.19) and Eqg. (3.20);
2
R, = wL
12
2
R, = wlL
12

Therefore,

2
£ wL

TS (anti-clockwise)

wL? .
MF =— (clockwise
BA 12 ( )

The formulas for finding the fixed end moments for standard load cases are given in Table 3.1.
When the beam is subjected to multiple loads, the fixed end moments due to individual loads can
be superposed to obtain the resultant end moments. The fixed end moments at the left support are
considered negative because the direction is anti-clockwise, while the end moment at the right
support is positive (clockwise). Therefore, for general gravity loading cases, when the end moments
(mostly hogging) are superposed with the moments of simply supported beam (mostly sagging),
the sign convention should be strictly followed.

A simple sign convention procedure is presented in Figure 3.10(i). Whether the end moments
are drawn below or above the baseline is decided based on the sign (positive or negative) of the
end moments. All four possibilities of end moment combinations and their respective bending
moments are shown in Figures 3.10(ii)—3.10(v). For example, when M . (i.e., M) is negative
(i.e., anti-clockwise) and Mg, (i.e., M{,) is positive (i.e., clockwise), the bending moment
diagram is drawn above the base line. Because, throughout the length, AB is in hogging nature. On

the other hand, when both ends are positive (or negative), the bending moment diagrams will be on
both sides of the baseline, because both sagging and hogging nature will be there in the beam.
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Table 3.1 Formulas for fixed end moments

Beam FEM at A FEM at B
v e -WL WL
s ot Mas =—5— Mea =5
A B 8 8
a \iv b r —Wab® £ Wa’b
i : Mg = 2 Mgp =—5—
A L B L L
F _ _WL2 F _ WL2
AB 12 BA 12
11 5
Mf, =——wL? M{, =—wLl’
A8 1092 BA 192
F _ _WI_2 F _ WL2
AB 20 BA 30
Mf\Bzg—ng2 MBFA=9—56W|—2
- +

+ -
(i) Sign convention

) [ | baseline

CMXB
(ii) MLy is Negative & M, is Positive

baseline
¢ DT |

(iii) Mfy is Positive & M§, is Negative

F
Mga

C D _——"1 baseline
—
(iv) Mfg is Positive & ME, is Positive
iy baseline
G D, —

(v) Mg is Negative & Mg, is Negative

Figure 3.10 Nature of end moments and bending moment diagrams
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3.3.7 Numerical Examples

Example 3.1: A fixed beam of span 6 m is subjected to a point load of 90 kN at 2 m from the left
end. Draw the shear force and bending moment diagrams.

Solution:

The fixed beam AB is shown in Figure 3.11(i). The beam is considered as the combination of a
simply supported beam with the given loading as shown in Figure 3.11(ii), and a simply supported
beam with fixed end moments at the supports as shown in Figure 3.11(iii)

The vertical reactions for the simply supported beam with the given loading are obtained by
applying the equilibrium equations.

F,=0 = Vr-90+Vy =0
M,=0=V,x6-90x2=0
Vo =30 kN
VY- =60 kN
where V- and Vg are the vertical reactions at A and B respectively due to the given loading.
Therefore, the moments due to the given loading:
M; =0 kNm
Mg =0 kNm
Mé =Vy x4=30x4=120 kNm
The fixed end moments using the standard formulas:

_Wab® —90x 2x 4’
Mfg = ERR =-80 kNm
2 2
MgA=WI‘i‘2b=9OX622 4 _ 140 kKNm

The bending moment diagrams for the fixed end moments and the free moments (i.e., due to given
loading) are shown in Figures 3.11(iv) and 3.11(v) respectively. The final bending moment diagram
can be obtained by superposing the free moment diagram with the fixed end moment diagram. The
support reactions induced by the fixed end moments are obtained separately. Let the vertical
reactions V, and Vg be due to end moments, and assumed to be acting in upward direction.

F,=0=V+V; =0

M, =0 = V/ x6-40+80=0
V) =-6.67 kN

VS =6.67 kN
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Since the value of V, is negative, the assumed direction (i.e., upwards) is not correct, but the

direction of Vv, is correct . Therefore, V, is upwards and Vg is downwards as corrected in the
free-body diagram shown in Figure 3.11(vi).

90 kN
f—2m G 4m v
(i) Fixed beam with given loading
. . 90 kN
Mag Mga
Vs ~ {
A\ PAN
)i 6m v F—2m ¥ 4m d
(ii) Simply supported beam with redundant forces (iii) Simply supported beam with given loading
120 kNm
+
80 -
40 kNm
(iv) Bending moment diagram for end moments (v) Free bending moment diagram
90 kN
80 kNm 40 kNm
s N |
f\ 6m < * T 2m 4m T
Vi =6.67 kN Vg =6.67kN  VE=60kN Vi = 30kN
(vi) Free-body diagram for end moments (vii) Free-body diagram for given loads
66.67 +
~ 12333kN
(viii) Shear force diagram
(x) Deflected shape

Figure 3.11 Solution for Example 3.1
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From Figures 3.11(vi) and 3.11(vii), the values of shear force at various locations are obtained.

S, =V, =60+6.67=66.67 kN

Sée“ =66.67 kN

sggm =66.67—90=-23.33 kN

Sg =—23.33 kN
The shear force diagram is shown in Figure 3.11(viii), and the final bending moment diagram
obtained by superposing the fixed and free bending moment diagrams is shown in 3.11(ix).

Therefore, the net bending moment at C,

M. =(60+6.67)x2—-80=53.33 kNm.
In Figure 3.11(ix), the value of bending moment is zero at D and E, which are shown as internal

hinges in Figure 3.11(x). This means, when the bending moment varies from A (i.e., —80 kNm) to
C (i.e., +53.33 kNm), the moment is zero at D.

Similarly, when the bending moment varies from C (i.e., +53.33 kNm) to B (i.e., =40 kNm),
the moment is zero at E. Therefore, the points D and E are the points of contraflexure.

A point of contraflexure is a point where the curvature of the beam changes its sign. The
location of points of contraflexure can be obtained by equating the moment equation to zero.

Location of D: Let the point D be at a distance of x_from A. By taking moment of all forces
on the left of D,
M, =0
= (60+6.67)xx, —80=0
X =12m
Location of E: Let the point E be at a distance of x, from A. By taking moment of all forces
on the left of E,
M. =0
= (60+6.67)x x, —80—90x (x, —2) =0
X, =4.286 m
Theoretically, the points of contraflexure act as internal hinges within the beam. These internal
hinges reduce the degree of static indeterminacy by the same number. This means, with two internal
hinges, this statically indeterminate fixed beam reduces to a statically determinate beam (i.e.,

DSI=2-2=0). Hence, the reduced statically determinate beam can be solved by applying static
equilibrium equations alone.

Therefore, when the locations of zero-moment along the span are known, the given fixed beam
can be considered as the combination of a simply supported beam between internal hinges (i.e.,
zero-moment locations), and two cantilever beams at the ends. The force responses (e.g., bending
moment diagram) can be obtained as shown in Figure 3.12.
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First, the mid-portion (i.e., simply supported beam) is analysed using the static equilibrium
equations as shown in Figure 3.12(iii). The upward reactions at D and E obtained from the mid-
portion, act as the loads at the ends of the cantilevers in the downward direction. Again, the
cantilevers are analysed for the force responses as shown in Figure 3.12(iv). The final bending
moment diagram is obtained by combining the diagrams of mid-portion and end-portions as shown
in Figure 3.12(v).

D E
T os 2286 1
66.67 kN 23.33 kN
53.33 kNm

+

(iii) Simply supported beam (mid-portion)

66.67 kN 23.33kN
a 12 D E E
A 1.714 B

; kngy ~Z ] wouam

(iv) Two cantilever beams (end portions)

53.33 kNm

/?%7\
% kNmV L a0 m

(v) Bending moment diagram

Figure 3.12 Solution for Example 3.1
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Example 3.2: A fixed beam of span 6 m is subjected to two point loads of 30 kN and 50 kN at 2 m
and 5 m respectively from the left end. Draw the shear force and bending moment diagrams.

Solution:
The fixed beam AB is shown in Figure 3.13(i). The beam is considered as the combination of a
simply supported beam with the given loading as shown in Figure 3.13(ii), and a simply supported
beam with fixed end moments at the supports as shown in Figure 3.13(iii).

The vertical reactions for the simply supported beam with the given loading are obtained by
applying the equilibrium equations.

F,=0 =V} -30-50+V, =0
M,=0= V. x6-50x5-30x2=0
V\ =51.67 kN

V) =28.33 kN

where V, and Vg are the vertical reactions at A and B respectively due to the given loading.
Therefore, the moments due to the given loading:
M,; =0 kNm

M; =0 kNm
M¢ =Vy x2=28.33x2=56.66 kNm
ME =Vy x1=51.67x1=51.67 kNm

Using the standard formulas, the fixed end moments are obtained by combining the moments due
to individual loads.

_Wah? Wa,b;

M'ZB = L2 L2
2 2
_ 30x2xd 505 _ 3361 kNm
6 6
2 2
ME, :Wla;bl +W2a22b2
L E
2 2
=30X622 X4+50xf L ,48.05 KNm

The bending moment diagrams for the free moments (i.e., due to given loading) and the fixed end
moments are shown in Figures 3.13(iv) and 3.13(v) respectively. The final bending moment
diagram can be obtained by superposing the free moment diagram with the fixed end moment
diagram.
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The support reactions induced by the fixed end moments are obtained separately. Let the
vertical reactions V,; and V, be due to end moments, and assumed to be acting in upward direction.

F,=0=vVv{+Vv;=0

M,=0= V) x6-48.05+33.61=0

VS =2.41 kN

Vi =-2.41 kN
Since the value of V, is negative, the assumed direction (i.e., upwards) is not correct, but the
direction of Vg is correct. Therefore, V. is downwards and V. is upwards as corrected in the

free-body diagram shown in Figure 3.13(vi).

Therefore, from Figures 3.13(vi) and 3.13(vii), the values of shear force at various locations
are obtained as

S, =V, =28.33-2.41=25.92 kN
Skt —25.92 kN
Sf = 25,9230 =—4.08 kN

Se" =-4.08
Sp" = —4.08 50 = —54.08
S =-54.08 kN

The shear force diagram is shown in Figure 3.13(viii) and the final bending moment diagram is
obtained by superposing the fixed and free bending moment diagrams as shown in Figure 3.13(ix).

The net bending moments at C and D are positive (i.e., sagging) which are obtained as follows.
Net momentatC, M. =25.92x2-33.61=18.23 kNm

Net momentat D, M, =25.92x5-33.61-30x3=6.0 kKNm
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F—2m 3m £-1m~f
(i) Fixed beam with given loading
30 kN 50 kN .
MAB MgA
{ } i ~

A\ PYAN

F—2m —# 4m F1m~ f 6m 7

(i) Simply supported beam with given loading (iii) Simply supported beam with redundant forces
56.66 51.67 kNm 48.05 kNm

(iv) Free bending moment diagram (v) Bending moment diagram for end moments
30 kN 50 kN
33.61 kNm 48.05 kNm
{ } Ve N
f b “1
Vi =28.33kN Vg =51.67kN Vf =241kN Vi =241kN
(vi) Free-body diagram for given loads (vii) Free-body diagram for end moments
25.92 | | | + | |
— [T
4.08 — ||| 54.08 kN
1l

(viii) Shear force diagram

48.05 kNm

(ix) Bending moment diagram

Figure 3.13 Solution for Example 3.2
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Example 3.3: A fixed beam of span 6 m is subjected to three point loads of 40 kN, 50 kN and 30
kN at 2 m, 3 m and 5 m respectively from the left end. Draw the shear force and bending moment
diagrams.

Solution:
The fixed beam AB is shown in Figure 3.14(i). The beam is considered as the combination of a
simply supported beam with the given loading, and a simply supported beam with fixed end
moments at the supports.
The vertical reactions for the simply supported beam with the given loading are obtained by
applying the equilibrium equations.
Fy =0 = VAL —40—50—30+VBL =0
M,=0= Vs x6-30x5-50x3-40x2=0
Ve =63.33 kN
V., =56.67 kKN
where V- and V- are the vertical reactions at A and B respectively due to the given loading.
The moments due to the given loading for simply supported beam:
My =0 kNm
Mg =0 kNm
ML =V x2=56.67x2=113.34 kNm
MEL, :VAL x2=56.67x3—40x1=130.0 kNm
ML =V} x1=63.33x1=63.33 kNm
The fixed end moments using the standard formulas:

2 2 2
M;B=_40X22X4 _50><?;><3 _30><52><l = _77.22 kNm
6 6
2 2 2
MBFA:4O><622 ><4+50><6?; ><3+3O><52 X1=+76.11 KN

The bending moment diagrams for the free moments (i.e., due to given loading) and the fixed end
moments are shown in Figures 3.14(ii) and 3.14(iii) respectively. The final bending moment
diagram can be obtained by superposing the free moment diagram with the fixed end moment
diagram.

The support reactions induced by the fixed end moments are obtained separately. Let the
vertical reactions V. and Vv be due to end moments, and assumed to be acting in upward direction.

F, =0 = Vv +Vvi=0
M,=0= VS x6+77.22-76.11=0
= Vg =-0.19 kN and Vv, =0.19 kN.
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Since the value of V, is negative, the assumed direction (i.e., upwards) is not correct, but the
direction of Vv is correct. Therefore, v, isupwardsand v is downwards. Therefore, the values

of shear force at various locations are obtained as
S, =V, =56.67+0.19=56.86 kN

S&™ =56.86 kN

S&" =56.86—40=16.86 kN
Sg" =16.86 kN

Sp" =16.86 —50 =—33.14 kN
Sg" =-33.14 kN

Sp" =-33.14-30=-63.14 kN
S, =—63.14 kN

The shear force and bending moment diagram are shown in Figures 3.14(iv) and 3.14(v)
respectively.

40 kN 50kN 30 kN
; C
f—2m -1 m— 2m—F-1m—~
(i) Fixed beam with given loading
130.0
113.34
6333kNm /722 76.11 kNm
Il
I ﬂm T
(1] L1l
(ii) Free bending moment diagram (iii) Bending moment diagram for end moments
56.85
”L' L 16.85
LI
[T
33.15 m
63.14 kN
(iv) Shear force diagram
36.5 53.36
12.92
/
77.22 1) 1111 76.12 kNm
(v) Bending moment diagram

Figure 3.14 Solution for Example 3.3
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Net momentat C, M. =56.86x2—-77.22=36.5 kNm
Net momentat D, M, =56.86x3—77.22—40x1=53.36 KNm
Net momentat D, M, =56.86x5—77.22—40x3-50x2=-12.92 kNm

Example 3.4: A fixed beam of span 6 m is subjected to a uniformly distributed load of 10 kN/m
throughout the length, and a point load of 25 kN at 4 m from the left end. Draw the shear force and
bending moment diagrams.

Solution:
The fixed beam AB is shown in Figure 3.15(i). The beam is considered as the combination of a
simply supported beam with the given loading, and a simply supported beam with fixed end
moments at the supports.
The vertical reactions for the simply supported beam with the given loading are obtained by
applying the equilibrium equations.
F,=0 =V} -10x6-25+Vy =0
Mo=0 = V5 x6-25x4-10x6x6/2=0
= V- =46.67 kN, and V- =38.33 kN.
where V- and Vg are the vertical reactions at A and B respectively due to the given loading.
Therefore, the moments due to the given loading:
My =0 kNm
Mg =0 kNm
Mg =V x4-10x4x4/2=38.33x4-10x4x2=73.32 kNm
The fixed end moments using the standard formulas:
wlL? _Wab2 __1O><62 B 25x4x 2% -30x5x1?

MF =— =-41.11 kNm
A8 12 L2 12 62 6°
2 2 2 2
ME, =+WL +Wazb=10><6 + sti X2:+52.22 kNm
12 L 12 6

The bending moment diagrams for the free moments (i.e., due to given loading) and the fixed end
moments are shown in Figures 3.15(ii) and 3.15(iii) respectively. The final bending moment
diagram can be obtained by superposing the free moment diagram with the fixed end moment
diagram.

The support reactions induced by the fixed end moments are obtained separately. Let the
vertical reactions V, and V, be due to end moments, and assumed to be acting in upward direction.

F,=0= VvV +Vs=0
M,=0= V] x6-52.22+41.11=0
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= Vg =1.85 kN and vV =-1.85 kN.

Since the value of V, is negative, the assumed direction (i.e., upwards) is not correct, but the
direction of v is correct. Therefore, V. is downwards and V. is upwards. Therefore, the values
of shear force at various locations are obtained as

S, =V, =38.33-1.85=36.48 kN

S&" =36.48—-10x 4=-3.52 kN

sggh‘ =-3.52-25=-28.52 Kn

S =—28.52-10x2=-48.52 kN
The shear force and bending moment diagrams are shown in Figures 3.15(iv) and 3.15(Vv)

respectively.
Net momentat C, M. =36.48x4—-41.11-10x4x4/2=24.81 kKNm.

10 KN/m 25 kN

} 4m + 2m £
(i) Fixed beam with given loading

73.32 kNm
52.22 KNm

(i) Free bending moment diagram (iii) Bending moment diagram for end moments

(v) Bending moment diagram

Figure 3.15 Solution for Example 3.4
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Example 3.5: A fixed beam of span 6 m is subjected to two-point loads of 20 kN and 30 kN
respectively at 1 m and 3 m from the left end, and a uniformly distributed load of 10 kN/m over the
entire span. Draw the shear force and bending moment diagrams.

Solution:

The fixed beam AB is shown in Figure 3.16(i). The beam is considered as the combination of a
simply supported beam with the given loading, and a simply supported beam with fixed end
moments at the supports. The vertical reactions for the simply supported beam with the given
loading are obtained by applying the equilibrium equations.

F,=0=VS-20-30-10x6+Vy =0
M,=0= V- x6-10x6x6/2-30x3—20x1=0
= Vg =48.33 kN, and V, =61.67 kN.
where V, and V. are the vertical reactions at A and B respectively due to the given loading.
Therefore, the moments due to the given loading:
M, =0 kNm
Mg =0 kNm
ML =V\5 x1-10x1x1/2=61.67x1-10x1x1/2 =56.67 kNm
M5 =V\5x3-10x3x3/2-20x2=61.67x1-10x3x3/2—20x2=100.0 KNm
The fixed end moments using the standard formulas:
10x 6° B 20x1x5? _30><3><32

MF =— =-66.39 kN
A8 12 6 6 m
2 2 2
MBFA :101><26 N 20><6]; ><5+ 3O><63; x3 15528 kNm

The bending moment diagrams for the free moments (i.e., due to given loading) and the fixed end
moments are shown in Figures 3.16(ii) and 3.16(iii) respectively. The final bending moment
diagram can be obtained by superposing the free moment diagram with the fixed end moment
diagram.

The support reactions induced by the fixed end moments are obtained separately. Let the
vertical reactions V. and Vv be due to end moments, and assumed to be acting in upward direction.

F,=0=V +Vi=0
M,=0 = Vv x6+66.39-55.28=0
= V§ =-1.85 kN and Vv, =1.85 kN.

Since the value of V, is negative, the assumed direction (i.e., upwards) is not correct, but the
direction of V[ is correct. Therefore, Vv, is upwards and V4 is downwards.
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The values of shear force at various locations are obtained as
S, =V, =61.67+1.85=63.52 kN

SEt =63.52-10x1=53.52 kN
S{9" =53.52-20=33.52 kN
SE" =33.52-10x2=13.52 kN
Sp" =13.52-30=-16.48 kN
S, =—16.48—-10x3=-46.48 kN

The shear force and bending moment diagrams are shown in Figures 3.16(iv) and 3.16(V)
respectively.
Net momentat C, M. =63.52x1-66.39-10x1x1/2=-7.87 KNm

Net momentat D, M, =63.52x3—-66.39—-20x2—-10x3x3/2=39.17 kNm

20 kN 30 kN 10 kN/m

A Cc D B
Flm—f—2m ¥ 3m ¥
(i) Fixed beam with given loading

100.0 kNm

66.39

““l““llllllllll I

(iii) Bending moment diagram for end moments

(v) Bending moment diagram

Figure 3.16 Solution for Example 3.5
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Example 3.6: A fixed beam of span 6 m is subjected to the concentrated loads of 15 kN, 25 kN and
5 kN respectively at 1 m, 2 m and 3 m from the left end. The beam is also subjected to a uniformly
distributed load of 10 kN/m over a span of 3 m from right end. Draw the shear force and bending
moment diagrams.

Solution:

The fixed beam AB is shown in Figure 3.17(i). The beam is considered as the combination of a
simply supported beam with the given loading, and a simply supported beam with fixed end
moments at the supports.
The vertical reactions for the simply supported beam with the given loading are obtained by
applying the equilibrium equations.
Fy =0 = VAL —15—25—5—10><3+VBL =0
My =0 = Vi x6-10x3%(3+1.5)~5x3-25x2-15x1=0
= Vo =35.83kN, and V,- =39.17 kN.
where V, and V. are the vertical reactions at A and B respectively due to the given loading.
Therefore, the moments due to the given loading:
My =0 kNm
ML =0 kNm
MCL =VAL x1=39.17x1=39.17 kNm
Mg =VAL x2-15=39.17x2-15x1=63.33 KNm
MEL =VAL x3-15x2—-25%x1=39.17x3-15x2—-25x1=62.51 KNm
The fixed end moments using the standard formulas:
15x1x5" 25x2x4® 5x3x3 5x10x6°

MF = =-45.76 kNm
"8 6 6 6 192
2 2 2 2
IVIBFA:15><:I_2 ><5+25><22 ><4+5><32><3+ll><10><6 3757 kNm
6 6 6 192

The bending moment diagrams for the free moments (i.e., due to given loading) and the fixed end
moments are shown in Figures 3.17(ii) and 3.17(iii) respectively. The final bending moment
diagram can be obtained by superposing the free moment diagram with the fixed end moment
diagram.

The support reactions induced by the fixed end moments are obtained separately. Let the
vertical reactions V; and V, be due to end moments, and assumed to be acting in upward direction.

F,=0=v[+Vv§=0
M,=0= VS x6+45.76-3757=0
= Vg =-1.37 kN and V; =1.37 kN.
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Since the value of V, is negative, the assumed direction (i.e., upwards) is not correct, but the
direction of v, is correct. Therefore, Vv, isupwardsand Vv, is downwards. Therefore, considering

the reactions due to given loads and end moments, the values of shear force at various locations are
obtained as
S, =V, =39.17+1.37 =40.54 kN

S&" =40.54 kN

S{™ = 40.54-15=25.54 kN
Sg" =25.54 kN

Spo = 25.54 - 25=0.54 kN
Se" =0.54 kN

Sf" =0.54—-5=-4.46 kN

Sy =—4.46-10x3=-34.46 kN

The shear force and bending moment diagrams are shown in Figures 3.17(iv) and 3.17(v)
respectively.

15kN 25kN 5kN 10 kN/m

Flm—f-1m-f1m-§ 3m ¥
(i) Fixed beam with given loading
63.33 62.51 kNm 4576
" .
39.17 37.57 kNm
(ii) Free bending moment diagram (iiif) Bending moment diagram for end moments
40.54
MM._25.54
+
0.54
Ll
4.46 -
(iv) Shear force diagram 34.46 kN

37.57 KNm

(v) Bending moment diagram

Figure 3.17 Solution for Example 3.6
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Net moment at C, M. =40.54x1-45.76 =-5.22 kNm
Net momentat D, M, =40.54x2—-45.76 —-15x1=20.32 KNm
Net momentat E, M_ =40.54x3—-45.76 -15x2—25x1=20.86 KNm

Example 3.7: A fixed beam of span 6 m is subjected to a uniformly varying load with the intensities
of zero at the left end and 30 kN/m at the right end. Draw the shear force and bending moment
diagrams.

Solution:

The fixed beam AB is shown in Figure 3.18(i). The beam is considered as the combination of a
simply supported beam with the given loading, and a simply supported beam with fixed end
moments at the supports.

The vertical reactions for the simply supported beam with the given loading are obtained by
applying the equilibrium equations.

F=0= v;—%x6x30+v; =0

M,=0= VBLXB_(%XGX%JL%XGJ:O

= Vo =60 kN, and V- =30 kN.
where V, and Vp are the vertical reactions at A and B respectively due to the given loading.
Therefore, the moments due to the given loading:
My =0 kNm
Mg =0 kNm

Mg =V, x3—%x3x15x[%x3j

=30x3—%x3x15x£%x3J=67.5 KN

where, Mé is the moment at the mid-span.
The fixed end moments using the standard formulas:
. wL? 30x 6°

MF =" — =-36.0 kNm
A8 30 30
2 2
M{, _ W 306 50 knm
20 20

The support reactions induced by the fixed end moments are obtained separately. Let the
vertical reactions V. and V4 be due to end moments, and assumed to be acting in upward direction.
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F=0= Vi +Ve =0
M,=0= V§ x6+36-54=0
= Vg =3 kN and V, =-3 kN.
Since the value of V. is negative, the assumed direction (i.e., upwards) is not correct, but the

direction of Vg is correct. Therefore, V. is downwardsand V4 is upwards. Therefore, considering

the reactions due to given loads and end moments, the values of shear force at various locations are
obtained as
S, =V, =30-3=27 kN

skt =27—%><3><15:4.5 kN
ST~ 4.5 kN
SB:27—%><6><3O:—63.0 kN

The shear force and bending moment diagrams are shown in Figures 3.18(ii) and 3.18(iii)
respectively.
Net moment at C:

M. =27.0x3—36.0—%><15><3x(%><3]=22.5 kNm

30 kN/m

. . 54.0 KNm
(iii) Bending moment diagram

Figure 3.18 Solution for Example 3.7
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Example 3.8: A fixed beam of span 6 m is subjected to a triangular load with the intensities of zero
at the supports and 30 kN/m at the mid-span. Draw the shear force and bending moment diagrams.

Solution:

The fixed beam AB is shown in Figure 3.19(i). The beam is considered as the combination of a
simply supported beam with the given loading, and a simply supported beam with fixed end
moments at the supports. The vertical reactions for the simply supported beam with the given
loading are obtained by applying the equilibrium equations.

F,=0=vV, —%x30x6+VBL =0

M,=0= VBLXG—%X6X30><§=O
V! =45 kN
VL =45 kN

where V- and V. are the vertical reactions at A and B respectively due to the given loading.
Therefore, the moments due to the given loading:

My =0 kNm

MS =0 kNm

MS =V, ><3—%><3><30><(%><3J

:45><3-%x3x30x[%x3j=90.0 kNm

where, M¢ is the moment at the mid-span.
The fixed end moments using the standard formulas:
_SWL2 __5><30x62

MF, = —_56.25 KNm
96 96
2 2
MmE, = WL X306 o6 o5 kum
96 96

The support reactions induced by the fixed end moments are obtained separately. Let the
vertical reactions V, and V be due to end moments, and assumed to be acting in upward direction.

F,=0=V,+V; =0

M, =0 = Vf x6+56.25-56.25=0
Vi =0 kN

V/ =0 kN
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Since the fixed end moments at both supports are equal and opposite, no support reaction is
induced.

Therefore, the values of shear force at various locations are obtained as

S, =V, =45 kN

S'§“=45—%><30x3:0 kN
S =0 kN
SB=O—%><3O><3=—45 kN

The shear force and bending moment diagrams are shown in Figures 3.19(ii) and 3.19(iii)
respectively.
The net moment at C is, M =90.0-56.25=33.75 kNm

30 KN/m

6m v

(iii) Bending moment diagram (in KNm)

Figure 3.19 Solution for Example 3.8
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3.4 Continuous Beam

When a beam has more than two supports, the beam is called a continuous beam. The reactions in
the supports of a continuous beam cannot be directly obtained with the equations of static
equilibrium only, hence the continuous beams are statically indeterminate.

In order to visualize the effects due to different levels of fixity (i.e., degree of fixity), consider
a beam AB subjected a mid-span point load W as shown in Figure 3.20(i), in which, the supports
A and B are not restrained against rotation (i.e., free to rotate), hence the moment at B is zero.

Therefore, the slope at B is 8, =WL?/16El , which is taken as @ for reference. If the support B is
fixed (i.e., restrained completely) as shown in Figure 3.20(ii), the value of 4, is reduced to zero,
hence the moment developed at B is Mg =3WL/16. When the beam is continued over the support
B as shown in Figure 3.20(iii), the value of @, lies between @ and zero, hence the moment
developed at B lies between zero and 3WL/16. As the elastic curve is continuous over the support

B, the tangent drawn to the elastic curve at B forms 6, = 65" = 65°". Therefore, the intermediate

support at B cannot be treated as “‘simply supported” unlike the simple support at the ends, and the
adjoining span BC offers restraint to the rotation at B partially. That is why, the value of slope
decreases, and the moment increases at B from the original simply supported condition. The amount
of reduction/increase depends on the stiffness of the adjoining span. This means, when the stiffness
is equal to zero, the behaviour is similar to Figure 3.20(i); and when the stiffness is equal to infinity,
the behaviour is similar to Figure 3.20(ii).

g o WE_ g o WL _

AT 16EI BT 16El

(i) Support B is not restrained against rotation
6, =V _ o560 % =0
AT 3R T
(if) Support B is restrained against rotation
w eleft Hgight
A { i P c

L 6 = oot — gren _ F2WLE g b= Y _ 0250
AT 64El BTUB TUB T eapr €7 64El —

(iii) Beam is continued over support B (i.e., partially restrained against rotation)

Figure 3.20 Behaviour of a continuous beam
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3.4.1 Two-span Continuous Beam

When a beam has three supports, the beam is called a two-span continuous beam. Depending on
the extreme end support conditions, different types of two-span continuous beam can be obtained
as shown in Figure 3.21. The degree of static indeterminacy (DSI) varies from one to three, and the
overhanging portions in Figures 3.21(iv)-3.21(vi) are not considered as separate spans of the
continuous beam. This means that the value of m remains two for determining the DSI using
DSI =m+r —2j. However, the loads on these overhangs contribute to the shear and moment at
the support to which the overhang portion is attached. Thus, once the contribution of these loads to
the supports are taken into account, the overhanging portions can be suppressed conceptually for
the purpose of determining the redundant forces.

anun 44V Jim
A Ly & L. N
(i DSI=1
L b4
A Ly A L, &
(i) DSI =2
Lo b dn
" L1 & LZ |
(iii) DSI = 3
aomn 4 Jn
A Ly £ L £ L
(iv) DSI =1
L nnd 4 Jn |
1 L & L AL
(v) DSI =2
Voainl Jin
Le A L & L &L
(vi) DSI =2

Figure 3.21 Two-span continuous beams
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3.4.2 Theorem of Three Moments

Consider a two-span segment ABC of a continuous beam subjected to an arbitrary loading as shown
in Figure 3.22. In span AB, the member end moments are M, and Mg, . Similarly, M. and
M are the end moments in span BC. These moments are hogging in nature for normal gravity
loading. The rotations at A, B and C may be either clockwise or anti-clockwise depending on the
relative stiffness and loads. The spans AB and BC can be separated by considering the rotational
springs at the ends to accommodate the stiffness of the adjacent spans. The rotation 4, is the slope
at B in the isolated span AB, which can be expressed in terms of the applied loading and end
moments. Similarly, the rotation ;. is the slope at B in the isolated span BC.

o A [T B (I3 c
’ A L, ;é; L. :& ’
(i) Two-span segment
M M M M
A O o o (qTm .

(i1) Separated span AB (iii) Separated span BC

Figure 3.22 Two-span segment of a continuous beam

If each span has a uniform cross-section throughout its length, by applying the compatibility
condition (i.e., 6,5, =6,:), an equation relating the three unknown moments (M, ;=M,,

Mga =My =My, and M, =M, ) can be established as

L X, X
MA[£J+2MBL£+—ZJ+MCLEJ=—LM—X1+6AZ—2J (3.21)
I1 1 2 IZ |1L1 IZLZ

where

M,, Mg, M. member end moments

L, and L, lengths of span AB and span BC

I, and I,  moments of inertia of span AB and span BC

A and A, areas of bending moment diagram (i.e., isolated simply supported beams AB

and BC)

X and X,  centroids of bending moment diagram from A and C respectively

Eq. (3.21) is known as the three-moment equation, and since it was proposed by Clapeyron in
1857, this method is called Clapeyron’s Theorem of Three Moments. This can be directly applied
to solve two-span continuous beams with a single degree of static indeterminacy. For higher

indeterminacy problems, independent three-moment equation should be established for every two
adjacent spans. If all the spans have the same cross-section, Eq. (3.21) can be simplified as

MAL1+2MB(L1+L2)+MCL2=—L6A1T71+6A2T¥2J (3.22)
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Case 1: Continuous beam with simply supported ends

Consider a two-span continuous beam with simply supported ends subjected to arbitrary loading as
shown in Figure 3.23(i).

A T B 1N Cc
A Ly A L, A:

(i) Continuous beam

A QI s B Iy ¢

#x_lﬁk y 2 #x_zﬁr
7 L L,

1 U 1 A

(ii) Span AB and its BMD (iii) Span BC and its BMD

Figure 3.23 Continuous beam with simply supported ends

The values of bending moments at the end supports are either zero or known (i.e., if concentrated
moment is applied at the ends or load is applied on the overhang, then the moment can be known).
Since the DSl is one, Eq. (3.21) can be directly applied to solve for M, which is the only unknown.

(O)XLEJQMBx[%+lﬁj+(o)xLﬁJ:_[%_E+w\z_¥2J

Il 1 2 I2 IlLl |2L2

= ZMB{£+EJ:—L6A&—X1+%J = M, can be obtained
Lo, WL Ll

The same concepts can be extended to a three-span continuous beam ABCD, with simply
supported ends at A and D. In this case, the DSI is two. The momentsM, =0, M, =0, M, and
M. are the two unknown moments. Eq. (3.21) should be applied twice; by considering adjoining

spans AB and BC first, and then BC and CD; thereby getting two equations which can be solved
simultaneously to find the redundants M, and M. . In a similar manner, if a continuous beam has

n spans (with extreme ends simply supported), Eg. (3.21) can be applied (n—1) times for solving
the redundant moments (i.e., DSI =n—1) associated with the intermediate support locations.
Case 2: Continuous beam with fixed ends

Consider a two-span continuous beam with one extreme end fixed and other extreme end simply
supported as shown in Figure 3.24(i). As the DSI is two, when Eqg. (3.21) is applied for the two
spans AB and BC, two unknowns will exist (M, and M ); hence they cannot be solved directly.
Therefore, as shown in Figure 3.24(ii), assume an imaginary span A’A extending beyond the end
A with simple supports both at A’ and A in such a way that the span A’A offers infinite flexural
stiffness to restrain the rotation at A. Infinite flexural stiffness (i.e., El,/L,) can be achieved by
either having infinite flexural rigidity (i.e., EI, = ) or an infinitely small span (i.e., L, =0). It is
convenient to choose the latter as it can be easily incorporated in Eq. (3.21). Therefore, the beam
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becomes a three-span continuous beam, where Eq. (3.21) can be independently applied to two “two-
span continuous beams” A’AB and ABC. As there is no loading on span A’A, the area of BMD is

zero (i.e., A;=0).

S s (M ©
. L @A L &

(i) Continuous beam with fixed support

A A I B (T} ¢
A, A L, A L, £

(ii) Continuous beam with imaginary extended span

Figure 3.24 Continuous beam with a fixed support at one end
For A’AB:

ol

:MA-LOJ +2M LO =4 BL J: LGX(O)XXO 6AEJ

Iy l, , L, L
jZMAL%J+M

For ABC: l

o o
o

1 Il |2

~ M LLlJ+2M [Li "ZJ [GA—’M%J (3.24)
Il Il I2 IlLl IZLZ
By solving Eq. (3.23) and Eq. (3.24), the two unknown moments, M, and M, can be obtained.
If the right extreme end is also fixed, then the DSI becomes three; hence all three moments
M,, M, and M. are the unknowns. Similar to an imaginary span A’A on the left end, an
imaginary span CC' on the right end should also be assumed. Therefore, the beam becomes a four-
span continuous beam, where Eq. (3.21) can be independently applied to three “two-span
continuous beams” A’AB, ABC and BCC'. As there is no loading on span A'A and CC’, the
corresponding areas of BMD are zero. The resulting three simultaneous equations can be solved to
obtain the unknown moments M,, M, and M..

)

e @z
[
e
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3.4.3 Numerical Examples

Example 3.9: A continuous beam ABC is supported at A, B and C. The length of span AB is 6 m
and span BC is 4 m. A concentrated load of 50 kN is acting at the mid-span of AB, and a uniformly
distributed load of 20 kN/m is acting over the entire span of BC. Draw the shear force and bending
moment diagrams. Assume a constant flexural rigidity throughout the beam.
Solution:

The continuous beam ABC is shown in Figure 3.25(i). The degree of static indeterminacy is
one, as the extreme ends are simply supported, the corresponding moments are zero (i.e., M, =0
and M. =0). The bending moment diagrams of the spans considered independently as simply

supported beams are shown in Figure 3.25(ii). As the flexural rigidity is constant for the entire
beam (i.e., I, =1, =1), the three-moment equation for ABC is

where,

M,=0; M.=0; LL=6m; L,=4m
Area of BMD in span AB, A =%x6x75=225.0 kNm?

Area of BMD in span BC, A, =§x4x 40=106.667 kNm?

Centroid of A from A, x, =6/2=3.0 m (i.e., the shape is symmetrical)
Centroid of A, from A, X, =4/2=2.0 m (i.e., the shape is symmetrical)
Substituting the above values in the three-moment equation,
(O)(6)+2>< M, x(6+4)+(0)(4)=—(6x 22:.O><3+ 6><106;1667><2]
20M, =—995 = M, =-49.75 KNm
The moment M, is hogging in nature; this typically means that the moment is clockwise at B for

the span AB, and anti-clockwise at B for the span BC as represented in the free-body diagram
shown in Figure 3.25(iii).

The maximum negative moment occurs at B (i.e., —49.75 kNm). However, the maximum
positive moment may occur either in span AB or BC where the shear force changes its sign.
Accordingly, in span AB, the shear force changes from positive to negative at D, where the value
of moment is

Mn*1aX1 =V, x3=16.71x3=50.13 kNm

In span BC, let x be the distance from C, where shear force is zero.
20x—-2756=0 = x=1.378 m

M., =V, x1.378-20x1.378x1.378/2
—27.56x1.378— 20x1.378x1.378/2 =18.99 kKNm




Therefore, the maximum positive moment is 50.13 kNm.
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The bending moment diagram drawn explicitly with horizontal straight base line is shown in
Figure 3.25(vi). Both the bending moment diagrams represented in Figures 3.25(v) and 3.25(vi)

are same, however, the only difference lies in the reference line.

S0 kN 20 kN/m
A Dl BMC
A A A
1 6m ¥ 4m /

(i) Continuous beam

50 kN

75 KNm
40 kNm
+
m
A C

20 KN/m
‘ B lifoméomoﬁc
D

" — f—x A

(ii) Separated spans and free moment diagrams

A
f
Va Vo, Vg, Ve
(iii) Free-body diagrams
52.44
16.71 n
TN T
33.29 27.56 kN
(iv) Shear force diagram
—an +18.99 kNm

50 kN 20 kN/m
‘ 49.75 KNm  49.75 kNm
Nk B C
/T B

(vi) Bending moment diagram (in kNm)

Figure 3.25 Continuous beam with simply supported ends (Example 3.9)
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Example 3.10: A two-span continuous beam ABC (span AB is 4 m and span BC is 8 m) has the
extreme ends simply supported. The span AB is subjected to two concentrated loads of 30 kN and
60 kN acting at 1 m and 2 m from A. The span BC is subjected to three concentrated loads of 25
kN, 30 kN and 15 kN respectively at 2 m, 4 m and 6 m from B. Draw the shear force and bending
moment diagrams. Assume a constant flexural rigidity throughout the beam.

Solution:

The continuous beam ABC is shown in Figure 3.26(i). The degree of static indeterminacy is
one, as the extreme ends are simply supported, the corresponding moments are zero (i.e., M, =0
and M. =0). The bending moment diagrams of the spans considered independently as simply
supported beams are shown in Figure 3.26(ii). As the flexural rigidity is constant for the entire
beam (i.e., |, =1, =1), the three-moment equation for ABC is

6AX , 6AX,
M, L +2M ML, =—| 22 4 22272
(Lt M (L L)+ Ml = 254 2
where,
M,=0; M. =0
L=4m; L =8m

The bending moment diagram in span AB is split into four parts in order to determine the area and
centroid.

A=a+a,+a,+a,
:L%xlx 52.5]+(1>< 52.5)+(%><1>< (75.0—52.5)J+(%>< 2><75.0J

=26.25+52.5+11.25+75.0=165.0 kNm?
The centroid of A is determined from point A as
axX, +a,X, + A%, +a,X,
a+a,+a,+a,
(26.25x (2/3x1)) +(52.5x (1+1/2)) +(11.25x (L1+2/3x 1)) + (75.0x (2 +1/3x 2))
26.25+52.5+11.25+75.0

71:

=191m
Similarly, the bending moment diagram in span BC is split into six parts in order to determine the
area and centroid.

Ay =85 +85+8; +8;+8;+8y,
=(%x2><65.0J+(2><65.0)+(%><2><(100.0—65.0)J+(2><75.0)

+(% x2x(100.0—- 75.0)} + (% X 2 75.0)

=65.0+130.0+35.0+150.0+25.0 + 75.0 =480.0 kNm?
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The centroid of A, is determined from point C as
%, = A Xs + 8 Xs + ;X7 + 35X + 89X + X9
85 +8; +8; +8+8; +8
(65.0%(2/3x2))+(130.0x (2+2/2))+(35.0x (2+2/3x 2))
[+(150.0><(4+2/2))+(25.0><(4+1/3>< 2))+(75.0x (6 +1/3x 2))J
65.0+130.0+35.0+150.0+25.0+75.0

=4.08 m
Substituting the values of A, A,, x, and X, in the three-moment equation,

6x165.0x1.91 N 6x480.0x 4.08J
4 8

(O><4)+(2><MBX(4+8))+(O><8):—(

24M, =-1941.53
= M; =-80.9 kNm

The moment M is hogging in nature; this typically means that the moment is clockwise at B for

the span AB, and anti-clockwise at B for the span BC. Therefore, the vertical reactions are obtained
by applying equilibrium conditions.
Span AB:

F,=0 =V, +V, ~30-60=0
My =0 =V, x4-80.9-60x2-30x1=0
= Vg =57.7 kN and V, =32.3 kN.

Span BC:
F,=0 =V, +V,-25-30-15=0
Mc=0 =V, x8-80.9-25x6-30x4-15x2=0
=V =47.6 kN and V. =22.4 kN.

The shear force and bending moment diagrams are shown in Figures 3.26(iii) and 3.26(iv)
respectively.

Maximum negative moment M, =-80.9kNm

Maximum positive moment Mg =59.5 kNm
The bending moment diagram drawn explicitly with horizontal straight base line is shown in Figure
3.26(Vv). Both the diagrams represented in Figures 3.26(iv) and 3.26(Vv) are same, however, the only
difference lies in the reference line.
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30kN 60 kN 25 kN 30 kN 15kN

A l ‘ B ‘ ‘ ‘ C
A D E A F G H A
fl m41my am —2 mﬁZ m—jf—2 m—A)(

|
7

(i) Continuous beam

100.0
5.0 50 LINO) 65.0 kNm
52.5/(5
®
®o @ ®
Al 2 B 2 2 2m C
f—x } % 1

(ii) Separated spans and free moment diagrams

47.6

32.3 # 22.6
2l M
e
- 74

224 22.4kN

517 (iii) Shear force diagram

80.9
(v) Bending moment diagram (in kKNm)

Figure 3.26 Continuous beam with simply supported ends (Example 3.10)
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Example 3.11: A two-span continuous beam ABC (span AB is 6 m and span BC is 4 m) has the
extreme end A fixed while the end C is hinged. The span AB is subjected to a uniformly distributed
load of 10 kN/m over the entire span. The span BC is subjected to a concentrated load of 30 kN
acting at 3 m from C. Draw the shear force and bending moment diagrams. Assume a constant
flexural rigidity throughout the beam.

Solution:

The continuous beam ABC is shown in Figure 3.27(i). The degree of static indeterminacy is
two. Since the extreme end A is fixed, assume an imaginary span A'A extending beyond the end A

with simple supports both at A’ and A with a span L, =0 as shown in Figure 3.27(ii). The bending
moment diagrams of the spans considered independently as simply supported beams are shown in
Figure 3.27(iii). As the flexural rigidity is constant for the entire beam (i.e., I, =1, =1), the three-
moment equations for A’AB and ABC are written separately.

For A’AB:
MA'Lo+2MA(Lo+L1)+MBL1=‘LMfXO+MT71J

where,
M,=0; L,=0m; L, =6
Area of BMD in span A'A, A;=0 kNm?
Centroid of A, from A’, X, =0 m

Area of BMD in span AB, A =§x 6x 45=180 KNm?

Centroid of A from B, X, =6/2=3.0 m (i.e., the shape is symmetrical)
Substituting the above values in the three moment-equation for A’AB,
(0)(0)+2M,, x(0+6)+ M, x(e)z_Lm%J
12M, +6M, =-540 (3.25)

For ABC:
6AX, 6AX,
M 2M ML=-|—+4+—=
AL+ B(L1+L2)+ L LLl + J

where,
M.=0; L=6m; L,=4m

Area of BMD in span AB, A :%x 6x 45=180 KNm?
Centroid of A from A, X, =6/2=3.0 m (i.e., the shape is symmetrical)
Area of BMD in span BC, A, :%x4x 22.5=45.0 kNm?
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_1+(2x3)

Centroid of A, fromC, X, =233 m

Substituting the above values in the three moment-equation for ABC,
(MA)(6)+2|\/|B ><(6+4)+(0)(4):_LE‘>><182.0><3+ 6><45.2><2.33J
6M, +20M; =-697.28 (3.26)
Solving Egs. (3.25) and (3.26),
M, =-32.43 kNmand M, =-25.13 kNm

The moments M ,and M, are hogging in nature; this typically means that M, is anti-clockwise

at A, and M; is clockwise at B for the span AB; and M, is anti-clockwise at B for the span BC.
Therefore, the vertical reactions are obtained by applying equilibrium conditions.

Span AB:
F=0=V, +Vg —10x6=0
M,=0 = Vs, x6—25.13-10x6x6/2+32.43=0
= Vg =28.78 kN and V, =31.22 kN.
Span BC:
F=0= Vg, +V —30=0
M.=0 = Vg, x4-25.13-30x3=0
= Vg, =28.78 kN and V, =1.22 kN.

The shear force and bending moment diagrams are shown in Figures 3.27(iv) and 3.27(v)
respectively. The maximum negative moment occurs at A (i.e., —32.43 kNm). However, the
maximum positive moment occurs either in span AB or BC, where the shear force changes its sign.
Accordingly, in span AB, let x be the distance from A, where shear force is zero.

10x—32.43=0 = x=324 m
M.y, =V, x3.24—32.43-10x3.24x 3.24/2

=31.22x3.24-32.43-10x3.24x3.24/2=16.23kNm

In span BC, the shear force changes from positive to negative at D.
Mnﬁaxz =V, x3=1.22x3=3.66 kNm
Therefore, the maximum positive moment is 16.23 kNm.
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(iv) Shear force diagram

31.22

(v) Bending moment diagram

Figure 3.27 Continuous beam with a fixed end (Example 3.11)

Example 3.12: A two-span continuous beam ABC (span AB is 5 m and span BC is 3 m) has the
extreme end A hinged while the end C is fixed. The span AB is subjected to two concentrated loads
of 10 kN each acting at 1m, and 4 m from A. The span BC is subjected to a mid-span point load of

30 kN. Draw the shear force and bending moment diagrams. Assume a constant flexural rigidity
throughout the beam.

Solution:

The continuous beam ABC is shown in Figure 3.28(i). The degree of static indeterminacy is
two. Since the extreme end C is fixed, assume an imaginary span CC’ extending beyond the end C

with simple supports both at C and C’ with a span L; =0 as shown in Figure 3.28(ii).
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The bending moment diagrams of the spans considered independently as simply supported
beams are shown in Figure 3.28(iii). As the flexural rigidity is constant for the entire beam (i.e.,

I, =1, =1), the three-moment equations for ABC and BCC’ are written separately.
For ABC:

ML +2Mg (L +L, )+ McL, =—L

where,
M,=0; L=5m; LL=3m

Area of BMD in span AB, A =

M_h%_fzJ
L L

5+3

x10.0=40.0 KNm?
Centroid of A from A, X, =5/2=2.5 m (i.e., the shape is symmetrical)
Area of BMD in span BC, A, =%><3>< 22.5=33.75 kNm?

3

Centroid of A, fromC, X, = 5 =1.5 m (i.e., the shape is symmetrical)

Substituting the above values in the three moment-equation for ABC,

(0)(5)+2M, ><(5+3)+(Mc)(3):_L6><40;50><2.5 . 6><33.;5><1.5J
16Mj +3M,, =-221.25 (3.27)
For BCC"
MgL, +2Mc (L, + L)+ ML :_[6A2x2 . 6A3x3J
L L
where,

M.=0; LL=3m; L,=0; A=0; X,=0
Area of BMD in span BC, A, =33.75 kNm?
Centroid of A, from B, X, =g=1.5 m (i.e., the shape is symmetrical)
Substituting the above values in the three moment-equation for BCC’,
(M,)(3)+2M, x(3+0)+(0)(0)=—(w+0J
3M; +6M, =-101.25 (3.28)
Solving Egs. (3.25) and (3.26),

My =-11.77 kNmand M. =-10.99 kNm
The moments Mg and M. are hogging in nature; this typically means that M; is clockwise at B
for the span AB; and My is anti-clockwise at B and M. is clockwise at C for the span BC.
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Therefore, the vertical reactions are obtained by applying equilibrium conditions.

Span AB:

F,=0 =V, +V, -10-10=0
M, =0 = Vg x5-11.77-10x4-10x1=0
=V =12.35 kN and V, =7.65 kN.

Span BC:

10 kN 10 kN 30 kN
C
N L .
& D E & F ®
1m—F 3m ‘ 15
ﬁ e 5m ! ¥ 3m 1~ mj{
(i) Continuous beam with fixed end at C
10 kN 10 kN 30 kN
At L c__c
A& D E 4 F A A
f—1m— 3m ‘ 1.5m
¥ : 5m ! t 3m = 4)(% Ls
(ii) Continuous beam with imaginary extended span CC’
22.5kNm
10.0 kNm 10.0 kNm
® @
A B C c
(iii) Free moment diagrams of separated spans
15.26
7.65 #
T TOTTIOT
2.35 - #
12.35
14.74 kN

(iv) Shear force diagram

(v) Bending moment diagram

Figure 3.28 Continuous beam with a fixed end (Example 3.12)

F,=0=V, +V,-30=0
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M.=0= Vg, x3-11.77-30x1.5+10.99=0

=V, =15.26 kN and V, =14.74 kN.

The shear force and bending moment diagrams are shown in Figures 3.28(iv) and 3.28(v)
respectively.

Net positive moment at D, M, =7.65x1.0=7.65 kNm
Net positive moment at F, M. =14.74x1.5-10.99=11.12 kNm

Example 3.13: A two-span continuous beam ABC (span AB is 3 m and span BC is 5 m) has the
extreme ends A and C fixed. The span AB is subjected to a uniformly distributed load of 20 kN/m
over the entire span. The span BC is subjected to a point load of 30 kN at 3 m from the right end.
Draw the shear force and bending moment diagrams. Assume a constant flexural rigidity
throughout the beam.

Solution:

The continuous beam ABC is shown in Figure 3.29(i). The degree of static indeterminacy is
three. Since the both extreme ends are fixed, assume the imaginary spans AA' (i.e., L, =0) to the
left of A and CC’ (i.e., L; =0) to the right of C as shown in Figure 3.29(ii). The bending moment
diagrams of the spans considered independently as simply supported beams are shown in Figure
3.29(iii). As the flexural rigidity is constant for the entire beam (i.e., I, =1, = 1), the three-moment
equations for A’AB, ABC and BCC' are written separately.

For A’AB:
where,

M,=0; L,=0m; A)=0; X,=0;L, =6 m
Area of BMD in span AB, A =§><3>< 22.5=45 kNm?

Centroid of A from B, X, =3/2=1.5 m (i.e., the shape is symmetrical)
Substituting the above values in the three moment-equation for A’AB,

6x45.0x1.5
(0)(0)+2M,, x(0+3)+ M, ><(3):—£0+TJ

6M,, +3M, =—135.0 (3.29)
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For ABC:
6AX  6AX,
M, L +2M, ML, =—| X2 4 2222
L+ (L+L)+ L L + L J
where,
L=3m; L=5m

Area of BMD in span AB, A =45.0 kNm?
Centroid of A from A, X, =3/2=1.5 m (i.e., the shape is symmetrical)

Area of BMD in span BC, A, :%x5x36.0=90.0 kNm?

Centroid of A, fromC, X, :3%%5=2.67 m

Substituting the above values in the three moment-equation for ABC,

(MA)(3)+2MB><(3+5)+(|\/|C)(5):_(6x45.30><1.5+6><90.(;><2.67J
3M, +16M; +5M_. =-423.36 030
For BCC":
MyL, +2M¢ (L, + L, )+ ML =_L6A2X2 .\ 6A3x3J
L L
where,

L,=5m; L,=0; M. =0; A=0; X;=0
Area of BMD in span BC, A, =90.0 kNm?

Centroid of A, from B, X, =%=2.33 m

Even though the free moment diagram in BC is used the two-span segments ABC and BCC’, the
appropriate values of centroid should be used. The centroid X, =2.33m is calculated from B for

the two-span segment BCC’, while the centroid X, =2.67 m already calculated was from C for the
two-span segment ABC.

Substituting the above values in the three moment-equation for BCC’,
(Mg)(5)+2M, x(5+o)+(o)(o)=_(w+oj

SM; +10M. =-251.64 (3.31)
Solving Egs. (3.29)—(3.31)
M, =-12.92 kNm
Mg =-19.17 kNm

M, =-15.58 kNm
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The moments M, Mgand M. are hogging in nature; this typically means that the moment M , is
anti-clockwise at A, and the moment M is clockwise at B for the span AB; and the moment M,
is anti-clockwise at B, and the moment M is clockwise at C for the span BC. Therefore, the
vertical reactions are obtained by applying equilibrium conditions.

20 kN/m 30 kN
£ | H
BA D ct
A I 3m 4
¥ 3m F 5m 1
(i) Continuous beam with extreme ends fixed
20 kN/m 30 kN
AA s ‘ c C
ATTK .S D Z2A
3m
f— Lo —# 3m £ 5m ! 17 Ls —o
(i1) Continuous beam with imaginary extended span A’A
36.0 kKNm
22.5kNm
@ ®
A’ A B C [o
(iii) Free moment diagrams of separated spans
27.92
WM il
[T T
\%l”ﬁ 11.28 kN
32.08
(iv) Shear force diagram
15.58 KNm
(v) Bending moment diagram

Figure 3.29 Continuous beam with fixed ends (Example 3.13)

Span AB:
F=0=V, +Vg —20x3=0

M, =0 = V, x3-19.17-20x3x3/2+12.92=0
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= Vg =32.08 kN and V, =27.92 kN.
Span BC:

F,=0 =V, +V.-30=0

Mc=0 =V, x5-19.17-30x3+15.58=0

= Vp =18.72 kN and V, =11.28 kN.

The shear force and bending moment diagrams are shown in Figures 3.29(iv) and 3.29(v)
respectively. The maximum negative moment occurs at B (i.e., 19.17 kNm). However, the
maximum positive moment occurs either in span AB or BC, where the shear force changes its sign.
Accordingly, in span AB, let x be the distance from A, where shear force is zero.

27.92-20x=0 = x=140m

M,y =V, x14-12.92-20x14x14/2

=27.92x1.4-12.92-20x1.4x1.4/2=6.57 kNm
In span BC, the shear force changes from positive to negative at D.
Mr;axz =V, x3=11.28x3-15.58 =18.26 kNm

Therefore, the maximum positive moment is 18.26 kNm.

Example 3.14: A continuous beam ABCD (span AB is 5 m; span BC is 4 m; span CD is 1 m) has
the extreme end A fixed and extreme end D is free (i.e., CD is overhanging). The span AB is
subjected to a point load of 30 kN at 2 m from A, the span BC is subjected to a mid-span point load
of 20 kN, and the span CD is subjected to a point load of 10 kN at the tip. Draw the shear force and
bending moment diagrams. Assume a constant flexural rigidity throughout the beam.

Solution:

The continuous beam ABCD is shown in Figure 3.30(i). The degree of static indeterminacy is two.
Since the extreme end A is fixed, assume an imaginary span A’A extending beyond the end A with

simple supports both at A’ and A with a span L, =0 as shown in Figure 3.30(ii).

The bending moment diagrams of the spans considered independently as simply supported
beams are shown in Figure 3.30(iii). The value of moment at C is directly obtained from the

overhanging portion CD. As the flexural rigidity is constant for the entire beam (i.e., I, =1,=1),
the three-moment equations for A’AB and ABC are written separately.

For A’AB:
where,
MA‘ :O

Lb=0m; A=0; X% =0; L =5m
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Area of BMD in span AB, A :%x5x36=90.0 kNm?

Centroid of A from B, X, :%E):Z.G? m

Substituting the above values in the three moment-equation for A’AB,

(0)(0)+2M, x(0+5)+ MBX(5)=_(0+M5X2-67J
10M, +5M, =-288.36 (332)
For ABC:
MAM+2MB“1+Q)+MCQ=_L9E£+6%EJ
L L,
where,
L=5m L=4m

M. =-10x1=-10.0 kKNm (due to the load on overhanging portion)

Area of BMD in span AB, A =90.0 kNm?

Centroid of A fromA, X = 2—;5 =233 m

Area of BMD in span BC, A, :%x4x 20.0=40.0 kNm?

Centroid of A, fromC, X, = 4—20 =2.0 m (i.e., the shape is symmetrical)

Substituting the above values in the three moment-equation for ABC,
6x90.0x2.33 N 6 x40.0x 2.0J
5 4
5M, +18M,; =-331.64 (3.33)
Solving Egs. (3.32) and (3.33),

M, =-22.79 kNm
Mg =-12.09 kNm
The moments M, ,Mgand M. are hogging in nature; this typically means that the moment M , is

MA><(5)+2MBx(5+4)+(—10)(4):—(

anti-clockwise at A, and the moment M; is clockwise at B for the span AB; the moment M; is

anti-clockwise at B, and the moment M, is clockwise at C for the span BC; and the moment M

is anti-clockwise at C for the span CD. Therefore, the vertical reactions are obtained by applying
equilibrium conditions.
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(iv) Shear force diagram

(v) Bending moment diagram
Span AB:

F,=0 =V, +V, —30=0

M,=0= Vg, x5-12.09-30x2+22.79=0
= Vg =9.86 kN and V, =20.14 kN.
Span BC:

F,=0 =V, +V, -20=0

M.=0 = Vg, x4-12.09-20x2+10.0=0

= Vg, =10.52 kN and V, =9.48 kN.
Span CD:

F,=0=V, -10=0

Figure 3.30 Continuous beam with an overhang (Example 3.14)
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=V, =10.0 kN

The shear force and bending moment diagrams are shown in Figures 3.30(iv) and 3.30(v)
respectively. The net moments at E and F are 17.49 kNm and 8.96 KNm respectively.

Example 3.15: A continuous beam ABCDE (span AB is 4 m with |,; =2l ; span BC is 3 m with

lgc =3l; span CD is 3 m with |, =1.51; span DE is 2 m with 1. =1) has the extreme end A
fixed, extreme end E is free (i.e., DE is overhanging), and the intermediate supports at B, C and D.
The span AB is subjected to a mid-span point load of 100 kN, the span BC is subjected to a
uniformly distributed load of 40 KN/m over the entire span, the span CD is subjected to a point load
of 90 kN at 1 m from C, and the span CD is subjected to two point loads of 10 kN and 5 kN at 1 m
from D and at the tip respectively. Draw the shear force and bending moment diagrams.

Solution:

The continuous beam ABCDE is shown in Figure 3.31(i). The degree of static indeterminacy is
three. Since the extreme end A is fixed, assume an imaginary span A’'A extending beyond the end
A with simple supports both at A’ and A with a span L, =0 as shown in Figure 3.31(ii). The
bending moment diagrams of the spans considered independently as simply supported beams are
shown in Figure 3.31(iii). The value of moment at D is directly obtained from the overhanging
portion DE. As the moment of inertia is not same for all the spans, the three-moment equations are
written separately for A’AB, ABC and BCD.

For A’AB:
MA‘[5J+2MALE+£J+MBLEJZ—[%+6A1_X1J
lo Iy 1 I lolo L
where,
M, =0
L, =0 m; A=0; X, =0
L=4m; |,=2I

Area of BMD in span AB, A =%><4><100= 200.0 kNm?

Centroid of A fromB, X = g =2.0 m (i.e., the shape is symmetrical)

Substituting the above values in the three moment-equation for A’AB,
0+2M, [0+ |1 my[ )= {04 8x2000x20
21 21 21 x4
4AM, +2M, =-300.0 0
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For ABC:
MAL£J+2MBL£+2J+ MCLEJ:—LB'A&Y1 + GAZKZJ
Iy R P I, L L,
where,

L=4m I,=21; L, =3m; 1,=3l
Area of BMD in span AB, A =200.0 kNm?

Centroid of A from A, X = g =2.0 m (i.e., the shape is symmetrical)

Area of BMD in span BC, A, =§x3x45.0290.0 kNm?

3

Centroid of A, fromC, X, = > =1.5 m (i.e., the shape is symmetrical)

Substituting the above values in the three moment-equation for ABC,

MA(iJ+2MB{i+3i|J+MC( 3 J:_£6x200.0x2.0+ 6><90.0><1.5J

21 2l 3l 21 x4 31 x3
2M,, +6M + M, =—390.0 (3.35)
For BCD:
MB[EJ—FZMCLﬁ—FEJ_’_ MDLEJZ_L%—XZ—F%J
I, L1 15 I,L, 5L,

where,
LL=3m; I,=3I; =3 m; |;=15I
Mp =-5x2-10x1=-20.0 kNm (due to the loads on overhanging portion)
Area of BMD in span BC, A, =90.0 kNm?

Centroid of A, from B, X, :%:1.5 m (i.e., the shape is symmetrical)

Area of BMD in span CD, A, :%xBx 60.0=90.0 kNm?

Centroid of A, from D, X, :¥=1.667 m

Substituting the above values in the three moment-equation for BCD,
M, 3 +2M i+i +(~200) 3 _ 6X90'OXl'5+ 6x90.0x1.667
3l 3l 15l 151 3l x3 151 %3
Mg +6M. =-250.0 (3.36)
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Solving Egs. (3.34)—(3.36),
M, =-54.48 kNm
M, =-41.03 kNm
M. =-34.83 kNm

The moments M,,Mgand M. are hogging in nature; this typically means that the moment
M, is anti-clockwise at A, and the moment M, is clockwise at B for the span AB; the moment
M, is anti-clockwise at B, and the moment M., is clockwise at C for the span BC; and the moment
M. is anti-clockwise at C, and the moment M, is clockwise at D for the span CD; and the moment

M, is anti-clockwise at D for the span DE. Therefore, the vertical reactions are obtained by
applying equilibrium conditions.

Span AB:
Fy =0 =V, +Ve, -100=0
M,=0= VB1 x4-54.48-100x2+41.03=0
VBl =53.36 kN
V, =46.64 kN
Span BC:
Fy =0 = Ve, +V¢, —-40x3=0
M.=0= VEsz x3—-41.03—-40x3x3/2+34.83=0
Vg, =62.07 kN
Ve, =57.93 kN
Span CD:
Fy :0 - VCz +VD1 _90:0
M;=0= VC2 x3-34.83-90x2+20.0=0

Ve, =64.94 kN
Vp, =25.06 kN
Span DE:

F,=0 =V, -10-5=0
V,, =15.0 kN
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The shear force and bending moment diagrams are shown in Figures 3.31(iv) and 3.31(v)
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(i) Continuous beam with fixed end at A and overhanging at the right end
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(ii) Continuous beam with imaginary extended span A’A
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(v) Bending moment diagram

Figure 3.31 Three-span continuous beam (Example 3.15)
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UNIT SUMMARY

v
v

Fixed beams are statically indeterminate to second degree (when axial force is neglected).

When the fixed beams are considered as cantilever beams, the redundant forces are the
vertical reaction and moment reaction at the free end.

When the fixed beams are considered as simply supported beams, the redundant forces are
the moment reactions at the supports.

Fixed end moments are obtained using standard formulas for different types of loads.

Net bending moment diagrams are obtained by superposing the free-bending moment
diagrams with fixed end moment diagrams.

Two points of contraflexure exist in fixed beams for general loading.

Two-span continuous beams are statically indeterminate with degree of static
indeterminacy one or two or three depending on the type of support at the extreme ends.

Claperon’s three-moment theorem can be applied to two-span continuous beams with one
degree of static indeterminacy.

The support moments obtained by solving three-moment equations are generally negative,
which means hogging in nature.

The final bending moment diagrams of continuous beams are obtained by superimposing
free-bending moment diagrams (sagging) with end-moment diagrams (hogging).
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EXERCISES

3.1

3.2.

3.3.

3.4.

3.5.

3.6.

3.7.

3.8.

3.9.

3.10.

A fixed beam of span 6 m is subjected to a point load of 50 kN at 2 m from the left support.
Draw the shear force and bending moment diagrams.

A fixed beam of span 6 m is subjected to two point loads of 50 kN and 75 kN at 2 m and 4
m from the left support. Draw the shear force and bending moment diagrams.

A fixed beam of span 12 mis subjected to three concentrated loads of 100 kN each at every
3 minterval. Draw the shear force and bending moment diagrams.

A fixed beam of span 6 m is subjected to a uniformly distributed load of 20 kN/m over the
entire span, and a concentrated load of 40 kN at the mid-spam. Draw the shear force and
bending moment diagrams.

A fixed beam of span 6 m is subjected to a uniformly varying load with 30 KN/m at the left
support and 20 kN/m at the right support. Draw the shear force and bending moment
diagrams.

A two span continuous beam ABC (AB=6 m; BC=3 m) with extreme ends simply
supported is subjected to 30 kN each at the mid-span locations. Analyse the beam for the
force responses, and draw the shear force and bending moment diagrams.

A two-span continuous beam ABC (AB=6 m; BC=3 m) with extreme ends simply
supported is subjected a uniformly distributed load of 10 kN/m over the span AB, and two
point loads of 20 kN each at every 1 m in the span BC. Draw the shear force and bending
moment diagrams.

A two-span continuous beam ABC (AB=6 m; BC=3 m) with fixed at A and simply
supported at C is subjected a uniformly distributed load of 10 kN/m over the span AB, and
two point loads of 20 kN each at every 1 m in the span BC. Draw the shear force and
bending moment diagrams.

A two-span continuous beam ABC (AB=6 m; BC=3 m) with extreme ends fixed is
subjected a mid-span point load of 30 kN in the span AB, and two point loads of 20 kN
each at every 1 m in the span BC. Draw the shear force and bending moment diagrams.

A continuous beam ABCD (span of AB is 4 m with |, =3I ; span of BC is 3 m with

lgc =21 ; span of CDis 1 mwith |, =1.51) with fixed support at A, intermediate supports

at B and C, and free at D (i.e., overhanging CD) is subjected a mid-span point load of 30
kN in the span AB, a uniformly distributed load of 15 kN/m in the span BC, and a point
load of 5 kN at the tip of span CD. Draw the shear force and bending moment diagrams.




180 | Fixed and Continuous Beams

QR Code for Fixed and Continuous Beams

NPTEL Lecture: https://www.youtube.com/watch?v=-rB-UB7r55Q



4 Moment Distribution Method

UNIT SPECIFICS

This unit discusses the following aspects.

Concept of moment distribution method
Force responses of statically indeterminate beams
Force responses of statically indeterminate frames

RATIONALE

Force

responses of statically indeterminate structures can be obtained by adopting either

compatibility or equilibrium based approaches. Irrespective of the method adopted, the resulting
equations are solved simultaneously. However, the solution process becomes tedious when the
number of equation is more. Therefore, this chapter presents an iterative procedure for analyzing

statical

ly indeterminate beams and frames.

UNIT OUTCOMES

List of

U4-01:
U4-02:
U4-03:
U4-0O4:
U4-05:

outcomes of this unit is as follows.

Describe the methods of structural analysis
Application of iterative methods
Development of moment distribution method

Analysis of statically indeterminate beams
Analysis of statically indeterminate frames
Mapping of Unit-4 Outcomes with Course Outcomes *
CO-1 CO-2 | CO-3 | CO4 | CO-5

U4-01 1 1 3 3 1
U4-02 3 3 1
U4-03 1 1 3 3 1
U4-04 1 1 3 3 1
U4-05 1 1 3 3 1

* (1- Weak correlation; 2- Medium correlation; 3- Strong correlation)
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4.1 Introduction

The analysis of statically determinate structures and statically indeterminate structures necessarily
requires the application of static equilibrium conditions. As already seen, the equilibrium equations
alone are not sufficient to get a complete set of responses in case of statically indeterminate
structures. Therefore, many methods have been developed to analyse the indeterminate structures
under two broad approaches namely compatibility methods and equilibrium methods. In
compatibility methods (e.g., consistent deformation method, theorem of three moments etc.), the
identified redundants are determined after applying the compatibility conditions. However, in
equilibrium methods (e.g., slope-deflection method), displacements are determined after applying
the equilibrium conditions, and subsequently the force responses are obtained. Therefore,
equilibrium methods are more comprehensive as the complete set of displacements and forces are
readily obtained. Nonetheless, the solution process becomes laborious when the number of
equations (i.e., equal to number of degrees of kinematic indeterminacy) is large. Hence, an iterative
method based on a step-by-step procedure is developed, in which the initial step gives an
approximation to the solution, and each subsequent step acts to refine the solution. The iteration
can be terminated when the desired degree of accuracy is achieved.

4.2 Slope-Deflection Equations

The slope-deflection method was developed by George A. Maney in 1915 for analyzing statically
indeterminate structures. This method is an equilibrium method that accounts for flexural
deformations but ignores axial and shear deformations. The general form of force-deformation
equation is written as

M, =MJ +2EK, (26, +6, -3 ) (4.1)
where

M, - member end moment

MF, - fixed end moment

E - modulus of elasticity
K, - stiffness factor (equal to 1/L)

6, and 6; - member end rotations

nf

+ - chord rotation (equal to A /L)
A, -transverse displacement between the member ends

and, the subscripts “n” and “f” refer to the “near-end” and “far-end” of member nf .

Consider a beam segment AB subjected to arbitrary lateral loading as shown in Figure 4.1(i).
In the absence of transverse displacement between the member ends, Eq. (4.1) is written for the
end moments as
¢ 2El
My =Mk +T(29A+98) (4.2)

2El
Mga =M§A+T(ZHB+9A) (4.3)
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Eg. (4.2) and Eq. (4.3) can be understood as follows.

(i)

(i)

(iii)

(iv)

v)

The applied loads induce bending of the beam, and the elastic curve rotates by 6, and 6,

over the supports at A and B respectively. This eventually balances the member end

moments at the jointsas M, =M, and Mg, =Mgg..

Assume the supports A and B are fixed such that the rotations at A and B are arrested. This

introduces the fixed end moments M 5, and M{, as shown in Figure 4.1(ii).

Now support A is allowed to rotate by &, (i.e., fixed condition is released) by keeping the

support B still fixed. This process develops the end moments in terms of 6, as
4El 2El -

M s =T9A and Mg, =T9A as shown in Figure 4.1(iii).

Similarly, now support B is allowed to rotate by &, (i.e., fixed condition is released) by

keeping the support A fixed. This process develops the end moments in terms of 6, as
2El 4El - .

M s =T6’B and Mg, :THB as shown in Figure 4.1(iv).

Therefore, the total moment on the member end is thus seen to be the superposition of the
above individual effects.

(i) Beam segment AB

ﬁ%ﬁmﬁﬁ

Mg M,
(ii) Supports A and B are fixed
o NN N
X rd]

4E1 2EI
7o T

(iii) Support A is released

ar ST N

N &7
2EI 4EI
T % I b

(iv) Support B is released

Figure 4.1 Segment of a continuous beam

The end-moment equations are functions of unknown displacements. Therefore, the moment
equilibrium conditions are applied at each joint, and the resulting simultaneous equations are solved
for the displacements (i.e., number of unknown displacements is equal to number of degrees of
kinematic indeterminacy). Finally, the member end moments are obtained by substituting the
displacement quantities into the end-moment equations.
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4.3 Moment Distribution Method for Beams

Even though the slope-deflection method produces the complete set of displacements and forces,
the direct solutions to the simultaneous equations are infeasible for large number of unknown
displacements. Moreover, displacements need to be necessarily determined in order to obtain the
force responses. Alternatively, an iterative method called the moment distribution method was
developed by Hardy Cross in 1930, in which the explicit determination of the unknown
displacement is avoided, and the various end moments are directly obtained.

The physical significance of the steps in iterative procedure involves fixing the unknown
displacements and releasing them one at a time. The process of fixity results in moments
accumulating at various joints, which need to be balanced. These moments are distributed to the
various connecting elements depending on their relative stiffness, and also the distributed moments
are getting carried over to the far-ends. Some of these carried over moments create imbalance,
which necessitates further balancing in the subsequent step. This alternating procedure of fixing
and releasing (i.e., balancing) is iteratively carried out until the residual unbalanced moments at all
joints become negligible.

4.3.1 Bending Stiffness

Consider a prismatic beam AB with a hinged support at A, and fixed support at B as shown in
Figure 4.2(i). When a moment M is applied at A, the beam rotates by an angle 6, at A, and a

moment Mg, is developed at B. Therefore, the relationship between the applied moment and the
rotation is expressed as,

M {%JGA =K8, (4.4)

where K :% is the bending stiffness. This means, a moment equal to % is required to be

applied at A to cause unit rotation if the far end is fixed.

Mgsa=M/2

(ii) Beam with far-end hinged

Figure 4.2 A prismatic beam
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Similarly, when the far end B is hinged as shown in Figure 4.2(ii), the relationship between the
applied moment and the rotation is

M :(E%JHA =Ko, (4.5)

where K =% is the bending stiffness. This means, a moment equal to % is required to be
applied at A to cause unit rotation if the far end is hinged.
4.3.2 Carry-Over Moment

When a moment M is applied at A for a beam with the far end fixed as shown in Figure 4.2(i), a
moment M;, develops at B which is termed as the carry-over moment. Therefore, Mg, is
expressed in terms of the applied moment.
2El M

MBA _(TJQA _? (4'6)
Eq. (4.6) indicates, when a moment M is applied at A, one-half of the applied moment is carried
over to the far end B if it is fixed. Therefore, the carry-over factor (COF) is /2.

Similarly, when the far end is hinged as shown in Figure 4.2(ii), no moment develops at B.
Hence, the carry-over factor (COF) is zero. The respective bending moment diagrams are also
shown in Figure 4.2.

4.3.3 Distribution Factor

Consider a structure with three members connected at B as shown in Figure 4.3. When a moment
M is applied at joint B to cause a rotation 6;, each of the three members connected to the joint B
resists the applied moment by a fraction depending on its relative stiffness. From the moment
equilibrium at B,

M;=0= M+Mg, +Mg. +Mg, =0

M =—(Mgs + Mg + Mgy (4.7)

Figure 4.3 Three-member frame structure
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When 6, occurs at joint B, the ends of all members connected to the joint also rotates to the
same amount as the members are rigidly connected to joint B. Therefore, the moment resisted by
each member can be expressed in terms of joint rotation 6.

Mga = IZBAeE; (4.8)
Mg = Koy 4.9
Mg = Kgpbs (4.10)

where Kg,, Ky, and K., are the bending stiffness of the members. Substitution of Egs.
(4.8)—(4.10) into Eq. (4.7) yields
M =—(Kgp + Koo + Ko )0 =—( Ky )6, (4.11)
-M
(1 Ke)
where K, represents sum of the bending stiffness of all the members connected to joint B.
Therefore, Egs. (4.8)—(4.10) become:

(4.12)

_ -M K
Moy = Ky x 2 — | Rea I\ —y M (4.13)
( Ke) Ke
_ -M K
Mg = Kge % = M ==y M (4.14)
( Ks) Ke
_ -M K
Mg = Kgp ¥ —=—| —2 IM =—y,,M (4.15)
( Ks) Ky

K K K T
Where ygn =—22—, ¥ge =—=—, and y, =—=2— are the distribution factors of members AB,
KB KB KB

BC and BD for end B. The function of a distribution factor is to apportion the moment applied at
a joint to the member end with respect to the relative stiffness of the member among the members
connected to that joint.

For example, a three-member structure is subjected to a clockwise moment of 100 kNm at B
as shown in Figure 4.4(i). If Ly, =3m, Lge=4m, Ly =2m, El;, =2El, El;. =2El and
Elg, =3El, then the values of stiffness at joint B:

_3Eles (i.e., the far end A is hinged)

BA

g _3x(2EN

BA

BA

=2El
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_ 3El . is hi
sc =—= (i.e., the far end C is hinged)

BC
— 3x (2El
Kec = (2ED)
Kgp = 4Elep (i.e., the far end D is fixed)
BD

Ky 2@265

=1.5El

Therefore, the distribution factors are

) Koa Kga _ 2EI o2
BA a a va a .
Ky Kga+Kge+Kgp 2El +1.5EI +6El
o= KBE __ @BC _ 1.5EI 016

5e Ky Kgu+Kge +Kgy 2EI+1.5El +6El
Kep Kep 6EI 3

To0 T TR+ Ky + Ky 2EI +15EI +6EI
From the distribution factors, the end moments can be obtained as

Mga =—7aM =—0.21x100=—-21.0 kNm

Mge = —75cM =—-0.16x100=—16.0 kNm

Mgp =—7goM =-0.63x100=-63.0 KNm

Since the far end D is fixed, the moment carried over to DB is %x (—63.0) =-31.5 kNm.

No moment is carried over to the far end if hinged/roller. Therefore, the ends AB and CB do not
get any carry over moments. The bending moment diagram is as shown in Figure 4.4(ii). It is to be
noted that the summation of all moments at the joint is equal to zero.

M, =0 = 100+ (-21.0)+(~16.0) + (-63.0) =0

100 kKNm 16.0
A 2El N\ 2EI C
A 3m Ig[ ¥ am 2 “"’IUID]]]]]]’IM
3EI[2m 210 =
©
D é
0
-
™
(i) Structure with applied moment (ii) Bending moment diagram (in KNm)

Figure 4.4 Three-member frame structure
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4.3.4 Steps Involved in Moment Distribution Method

The moment distribution method can be adopted to analyze statically indeterminate structures, and
it is performed in tabular format. The beam problems can be solved by one moment distribution
table. Symmetrical frames subjected to symmetrical loading can also be solved in a same manner.
However, the frame problems with unknown sway degree of freedom require more than one
distribution table. The steps involved in solving the continuous beam problems are as follows.

()
(i)
(i)

(iv)

v)

(vi)
(vii)

Using the standard formulas, the fixed end moments are determined by assuming all the
supports as fixed.

At the joints, the stiffness (K ) of the members connected to the joint, and subsequently
the distribution factors () are obtained.

In the moment distribution table, in case of hinged extreme end (or with an overhang), the
unbalanced moment is released at the beginning, and half of the moment is carried over to
the far-end (i.e., joint). No further operation is allowed in this support till the end.

In the first iteration, the unbalanced moments at each joint are distributed (i.e., balanced)
using the distribution factors, and the distributed moments are carried over to the respective
far-ends using carry over factor.

The step (iv) is repeated until the unbalanced moments at all joints become insignificant.

The end moments are obtained by algebraic summation of the moments in all iteration
cycles.

The final bending moment diagrams are obtained by superimposing free moment diagram
with the end moment diagram.

4.3.5

Numerical Examples

Example 4.1: A two-span continuous beam ABC (span AB is 3 m and span BC is 5 m) has the
extreme ends A and C fixed. The span AB is subjected to a uniformly distributed load of 20 KN/m
over the entire span. The span BC is subjected to a point load of 30 kN at 3 m from the right end.
Draw the shear force and bending moment diagrams. Assume a constant flexural rigidity
throughout the beam. [Same as Example 3.13]

Solution:

Step (i): Fixed end moments

The fixed end moments are obtained by using the standard formulas given in Table 3.1.

Span AB:
_ 2 _ 2
ME, = WE 220030 150 knm
12 12
2 2
MQA _ +wL’ _ +20x 3.0 — 4150 kNm

12 12
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Span BC:
-Wab? -30x2x3?
ME. = T = =-21.6 kNm
2 2
ME, = Wb _=30x2x3_ 144 kNm
L 5

Step (ii): Stiffness and distribution factors

Joint B:
Stiffness, RBAzﬁz%zl.s%El (i.e., the far end A is fixed)
BA
Stiffness, Ky 4l _AEL_ gy (i.e., the far end C is fixed)
l. 5

o K K 1.333EI

Distribution factor, yg, =—2%-=—"2~—= 333 =0.625
K, Kgu+Ks 1.333El+0.8EI

N K K 8EI

Distribution factor, yg. = —=—= BC 08 =0.375

K, K. +K, 1333El+08El

Step (iii): Moment distribution table

(&) The table is created with one column for each end moment. The respective distribution
factors are entered for every joint (y,, =0.625 and y,. =0.375).

(b) Fixed end moments are entered (Mj,=-15.0, M{,=+15.0, M[. =-216,
Mg =+14.4)

(c) Since the extreme ends are fixed, no moment is released at the extreme end locations.

(d) At joint B, the unbalanced moment is +15.0—21.60=-6.6. Therefore, +6.6 is required
to be applied at B to balance the joint moments. Out of +6.6, based on the distribution

factors, 0.625x(+6.6)=+4.13 is distributed for the end BA and 0.375x(+6.6) =+2.48 is
distributed for the end BC.
(e) Half of the distributed moments (i.e., balancing) are carried over to the respective far ends.

This means, %x (+4.13) =+2.06 is carried over to AB, and %x (+2.48) =+1.24 is carried

over to CB.

(f) The steps involved in (d) and (e) constitute one cycle of iteration (i.e., balancing and
carrying over to the far end).
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(9) At this stage, no unbalanced moment exists in joint B. Therefore, no further cycle of
iteration is possible.

(h) Now, the end moments are obtained by algebraic summation of all the moments in every
column.
M,z =—15.0+2.06=-12.94 kNm

Mg, =+15.0+4.13=+19.13 kNm
Mg =—21.6+2.48=-19.13 kNm
Mgg =+14.4+1.24 = +15.64 kNm
As a check, the summation of joint moments should be equal to zero.
Mg + Mg =+19.13+(-19.13)=0

Joint A B C
End AB BA BC CB
DF 0.625 0.375
FEM -15.00 | +15.00 | -21.60 | +14.40
Balance +4.13 +2.48

Cycle 1
COM +2.06 * o4
End
moments ~12.94 | +1913 | -19.13 | +15.64

Step (iii): Final moments

The final bending moment diagram is obtained by superimposing the free bending moment diagram
(Figure 4.5(ii)) with the end moment diagram (Figure 4.5(iii)). The same sign convention is
followed as given in Figure 3.10 for the end moment diagram. This means, the anti-clockwise
moment at the end AB (—12.94 kNm) and the clockwise moment at the end BA for the member AB
cause hogging curvature, hence the diagram is drawn on one side of the reference axis. Similarly,
the member BC is also in hogging nature. When the free moment and end moment diagrams are
superposed, the net moment diagram is resulted.

The shear force and bending moment diagrams are shown in Figures 4.5(iv) and 4.5(v)
respectively.
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20 kN/m 30 kN
E / ‘ :
A B £ D c
/\V 3m /‘V
¥ 3m ¥ 5m '
(i) Continuous beam
30x2x3
20 x 32 5~ 360
=225
® ®

(i) Free moment diagram (in kNm)
12.94 19.13 15.64
Vs N N

19.13
12.94 ©) © 15.64
(iii) End moment diagram (in kNm)
27.94
18.70
LTTTHITTTTT
Tl 110
32.06
(iv) Shear force diagram (in kN)
18.26
(v) Bending moment diagram (in KNm)

Figure 4.5 Two-span continuous beam (Example 4.1)

Example 4.2: A three-span continuous beam ABCD (L,; =5m; Ly, =3m; L., =4m) has the

extreme ends A and D fixed, and intermediate supports at B and C. The span AB is subjected to
two point loads of 40 kN and 50 kN at 1 m and 4 m respectively from A. The span BC is subjected
to a uniformly distributed load of 20 KN/m over the entire span. The span BC is subjected to a mid-
span point load of 50 kN. Draw the shear force and bending moment diagrams. Assume a constant
flexural rigidity throughout the beam.
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Solution:

Step (i): Fixed end moments

Span AB:
2 2
MAFB=—4O><1><452—50><4><1 _ 336 kNm
2 2
MEA=+40X1 xt):—50><4 Xl=+38.4 KN
Span BC:
2
ME. = 22;3 =-15.0 kNm
2
MCFB=+22;3 = +15.0 kNm
Span CD:
ML =224 550 kNm
8
ME =204 _ 950 kNm
8

Step (ii): Stiffness and distribution factors

Joint B:
Stiffness, Kg, = 4Eler _4El o gE (i.e., the far end A is fixed)
Loa 5
. — 4El,. 4El . - .
Stiffness, Ky, = - "~ 3 =1.333El (i.e., the far end C is like a fixed support)
BC
Distribution factor, yg, = KBL* == KBA_ = 0.8El =0.375
Kg Kga+Kge 0.8El+1.333El
Distribution factor, 5. = KBE =— KBC_ = 1.333El =0.625
Kg Kga+Kge 0.8El+1.333El
Joint C:
. — 4El., A4El . - .
Stiffness, K., =——= =——=1.333El (i.e., the far end B is like a fixed support)
B
Stiffness, K, = 4Ele, _4El _ El (i.e., the far end D is fixed)
lo 4
Kes Kes 1.333El

0.571

Distribution factor, yog =——==—= —— = =0.
Ko Kg+Kep 1.333El+EI
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o K K El
Distribution factor, y.p =—2-==——= =0.429
K. Kj+K. 1.333El+El

Step (iii): Moment distribution table
(a) The table is created with one column for each end moment. The respective distribution
factors are entered for every joint.
(b) Fixed end moments are entered.
(c) Since the extreme ends are fixed, no moment is released at the extreme end locations.

(d) At joint B, the unbalanced moment is +38.4—-15.0=+23.4 . Therefore, —23.4 is required
to be applied at B to balance the joint moments. Out of —23.4, based on the distribution
factors, 0.375x(—23.4)=—-8.78 is distributed to the end BA and 0.625x(—23.4) =—14.62

is distributed to the end BC. The moment 278 =-4.39 is carried over to the far end AB,

-14.62

and =-7.31 is carried over to the far end CB.

(e) At joint C, the unbalanced moment is +15.0—25.0=-10.0. Therefore, +10.0 is required
to be applied at C to balance the joint moments. Out of +10.0, based on the distribution
factors, 0.571x(+10.0)=+5.71 is distributed to the end CB and 0.429x(+10.0)=+4.29

+5.71

is distributed to the end CD. The moment =+2.86 is carried over to the far end BC,

+4.29

and =+42.15 is carried over to CD.

(F) Atthe end of cycle 1, the unbalanced moment at joint B is +2.86, which is balanced again
(i.e., distributed to BA and BC) based on the distribution factors, and then carried over to
the respective far ends (i.e., AB and CB). Similarly, the unbalanced moment at joint C is
—7.31, which is balanced again (i.e., distributed to CB and CD) based on the distribution
factors, and then carried over to the respective far ends (i.e., BC and DC).

(9) The above step (f) is repeated until the unbalanced moment at all the joints become
insignificant (i.e., close to zero).

(h) Now, the end moments are obtained by algebraic summation of all the moments in every
column.

M,z =—33.6-4.39-0.54—-0.39-0.05-0.03=-39.0 KNm
Mg, =+38.4-8.78-1.07-0.78-0.10—-0.07 —0.01-0.01=+27.58 kNm
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Mg, =-15.0-14.62+2.86-1.78+2.09-1.31+0.25-0.15

+0.19-0.12+0.02—0.01+0.02—0.01=—27.58 kNm
Mg =+15.0+5.71—7.31+4.17—0.89+0.51—0.65

+0.37-0.08+0.05—-0.06+0.03-0.01=16.84 kNm
Mep =—25.0+4.29+3.14+0.38+0.28+0.03+ 0.03=-16.84 KNm

Mpe =+25.0+2.15+1.57+0.19+0.14 +0.02 =+29.08 kNm
As a check, the summation of joint moments should be equal to zero.
Mg, + Mg =+27.58+(-27.58)=0

Mg + M, =+16.84+(-16.84) =0

Joint A B C D
End AB BA BC CB CD DE
DF 0.375 0.625 0.571 0.429
FEM -33.60 | 38.40 ~15.00 15.00 -25.00 | 25.00
Balance , -8.78 -1462 <, 5.71 429

Cycle 1 y 4 < Y
COM -4.39 2.86 -7.31 2.15
Balance , —1.07 -1.78 < 4.17 314

Cycle 2 * '} X
COM -0.54 2.09 -0.89 1.57

e Balance L, —0.78 -131 <, 051 0.38 <\
COM -0.39” 025 ** _065 2 0.19
Balance , —0.10 -0.15 , 0.37 0.28

Cycle 4 y 4
COM -0.05 0.19 *\ _0.08 0.14
Balance , —0.07 -0.12 , 0.05 0.03

Cycle 5
COM -0.03”* 0.02 -0.06 0.02
Balance -0.01 -0.01 0.03 0.03

Cycle 6 VA
COM 0.00 0.02 #\ —0.01 0.02
Balance , —0.01 -0.01 , 0.00 0.00

Cycle 7
COM 0.00 * 0.00 #* 0.00 0.00
ri’;?,n ents | —39.00 | 27.58 —27.58 16.84 ~16.84 | 29.08

Step (iii): Final moments

The final bending moment diagram is obtained by superimposing the free bending moment diagram
(Figure 4.6(ii)) with the end moment diagram (Figure 4.6(iii)). The shear force and bending
moment diagrams are shown in Figures 4.6(iv) and 4.6(Vv) respectively.
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Note: In Example 4.1, the ends BA and BC in joint B did not get any carry-over moment. Therefore,
the next cycle of iteration was not possible. However, in Example 4.2, the end BC in joint B got a
carry-over moment from the end CB. Similarly, the end CB in joint C got a carry-over moment
from the end BC. These carry-over moments remain as the unbalanced moments in the respective
joints, and prompted for the next cycle of iteration. This process continues till the carryover
moments become insignificant (i.e., close to zero).

40 kN 50 kN /20 KN/m 50 kN
o 3 { Vo
N By £C "D
1m4f——-3m F—2m
P e s am —
(i) Continuous beam
225
® ®
®
(if) Free moment diagram (in kNm)
39.0 27.58 16.84 29.08
C N~ Ve N
A DA DA <
27.58

16.84

390 (_O\jQ\P%Oy 29.08

(i) End moment diagram (in kNm)

33.58

Wmﬁ”ﬁ”l@]m flim@uu

4572 26.42 28.06

(iv) Shear force diagram (in kN)

(v) Bending moment diagram (in kNm)

Figure 4.6 Three-span continuous beam (Example 4.2)
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Example 4.3: A two-span continuous beam ABC (span AB is 6 m and span BC is 4 m) has the
extreme end A fixed while the end C is hinged. The span AB is subjected to a uniformly distributed
load of 10 kN/m over the entire span. The span BC is subjected to a concentrated load of 30 kN
acting at 3 m from C. Draw the shear force and bending moment diagrams. Assume a constant
flexural rigidity throughout the beam. [same as Example 3.11]

Solution:

Step (i): Fixed end moments

_ 2
M5 =200 _ 300 kNm
12
2
Mg, =106 _ 30,0 kNm
12
_ 2
ME :¥:—16.875 kNm
2
mp, = B0 X3 5 625 km

Step (ii): Stiffness and distribution factors

Joint B:
Stiffness, Kg, = 4Elga = 4E1 =0.667El (i.e., the far end A is fixed)
Laa 6
Stiffness, Kg. :% :E =0.75El (i.e., the far end C is hinged)
Loc 4
o K K 0.667El
Distribution factor, ygy =—2%-=—"2A—= =0.
K, Kg,+Ky 0.667El+0.75El
Kee Koo 0.75El

Distribution factor, ygc =—==—= =0.
Kg Kga+Kge 0.667EI +0.75El

Step (iii): Moment distribution table
(@) Similar to the previous examples, the distribution factors and fixed end moments are
entered in the table.

(b) Since the extreme end C is hinged, the moment at CB (+5.625) needs to be released.
Therefore, —5.625 is added at CB, and then —5.625/2 =—2.81 is carried over to the far end

BC. By releasing the moment at CB, the moment at CB has become zero, which is the final
moment. Therefore, no further operations are carried out at the end CB.
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(c) Now the initial moment is revised by including the moment received at BC as carryover
moment.

(d) At joint B, the unbalanced moment is +30.0-19.69=+11.31. Therefore, —11.31 is
distributed to the ends BA (—4.85) and BC (-5.47), and then —4.85/2=-2.42 is carried

over to the far end AB. Since the extreme end CB is hinged, no moment is carried over to
CB from BC.

(e) At this stage, no unbalanced moment exists in joint B. Therefore, no further cycle of
iteration is possible.

() Now, the end moments are obtained by algebraic summation of all the moments in every
column.

M g =—30.0—2.42=-32.42 KNm
Mg, =+30.0—4.85=+25.15 kNm
Mg, =-19.69-5.47 =-25.16 kNm
M =0 kNm
As a check, the summation of joint moments should be equal to zero.
Mga + Mg, =+25.15+ (—25.16) =-0.01=0

Note: The reason for not getting the summation of joint moments exactly equal to zero is the round-
off error resulting from the distribution factor, balancing and carry-over moments.

Joint A B ©

End AB BA BC CB

DF 0.47 0.53

FEM -30.00 +30.00 | -16.88 +5.63

Release —5.63

COM -2.81

Initial

T -30.00 +30.00 | -19.69 0
Cycle 1 Balance ~ —4.85 —5.47

COM 242 *

End

moments -32.42 +25.15 | -25.16 0

Step (iii): Final moments

The final bending moment diagram is obtained by superimpaosing the free bending moment diagram
with the end moment diagram. The shear force and bending moment diagrams are shown in Figures
4.7(ii) and 4.7(iii) respectively.
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10 kN/m 30 kN
£ Io c
A £ P £
B mﬁ
¥ 6m a 4m 7
(i) Continuous beam
31.22 28.78
i
INNNNNNNNSNNENNNNED)
NWLHH[ 1.22
28.78
(ii) Shear force diagram (in kN)
16.23
32.;3»)} 25 15 3.66
(iii) Bending moment diagram (in kNm)

Figure 4.7 Two-span continuous beam (Example 4.3)

Example 4.4: A two-span continuous beam ABC (span AB is 5 m and span BC is 3 m) has the
extreme end A hinged while the end C is fixed. The span AB is subjected to two concentrated loads
of 10 kN each acting at 1m, and 4 m from A. The span BC is subjected to a mid-span point load of
30 kN. Draw the shear force and bending moment diagrams. Assume a constant flexural rigidity
throughout the beam. [same as Example 3.12]

Solution:

Step (i): Fixed end moments

—10x1x4? —10x 4x1?

ME, = = =-8.0 kNm
2 2

MBFA=+1O><1 xéélex4 X1=+8.0 KNmM

ME =303 1195 kNm

ME, =22 =411.25 kNm
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Step (ii): Stiffness and distribution factors

Joint B:
Stiffness, Kg, = SElen _3EI _ 0.6El (i.e., the far end A is hinged)
Loa 5
Stiffness, KBC = ﬂ =% =1.333El (i.e., the far end C is fixed)
BC
Distribution factor, yg, = Kon __ Ken _ 0.6El =0.
Ky Kgs+Kge 0.6EI+1.333El
Kgc Kac 1.333El

Distribution factor, yg. = K "R K 06El+133:3E %
B BA BC : :

Step (iii): Moment distribution table

(&) Similar to the previous examples, the distribution factors and fixed end moments are
entered in the table.

(b) Since the extreme end A is hinged, the moment at AB (-8.0) needs to be released.
Therefore, +8.0 is added at AB, and then +8.0/2=+4.0 is carried over to the far end BA.
By releasing the moment at AB, the moment at AB has become zero, which is the final
moment. Therefore, no further operations are carried out at the end AB.

(c) Now the initial moment is revised by including the moment received at BA as carryover
moment.

(d) At joint B, the unbalanced moment is balanced and distributed to BA and BC, then the
moment is carried over to the far end CB. Since the extreme end AB is hinged, no moment
is carried over to AB from BA.

(e) At this stage, no unbalanced moment exists in joint B. Therefore, no further cycle of
iteration is possible.

(f) Now, the end moments are obtained by algebraic summation of all the moments in every
column.
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Joint A B C
End AB BA BC CB
DF 0.31 0.69
FEM -8.00 | +8.00 | -11.25 | +11.25
Release +8.00 \
COM +4.00
Initial
moment 0 +12.00 | -11.25 | +11.25
Balance -0.23 -0.52

Cycle 1

Yo COM - \ -0.26
End
moments 0 +11.77 | -11.77 | +10.99

Step (iii): Final moments

The final bending moment diagram is obtained by superimposing the free bending moment diagram
with the end moment diagram. The shear force and bending moment diagrams are shown in Figures

4.8(ii) and 4.8(iii) respectively.

(ii) Shear force diagram (kN)

10 kN 10 kN 30 kN
C
At L :
& D E A F k
1m—4 3 ‘ 1.5
pantan gy L gy
(i) Continuous beam with fixed end at C
15.26
7.65 #
TTTITTTIITITITTTOTTTOOTTT
2.35 - #
12.35

14.74

(iii) Bending moment diagram (in KNm)

Figure 4.8 Two-span continuous beam (Example 4.4)
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Example 4.5: A two-span continuous beam ABC (span AB is 4 m and span BC is 8 m) has the
extreme ends simply supported. The span AB is subjected to two concentrated loads of 30 kN and
60 kN acting at 1 m and 2 m from A. The span BC is subjected to three concentrated loads of 25
kN, 30 kN and 15 kN respectively at 2 m, 4 m and 6 m from B. Draw the shear force and bending
moment diagrams. Assume a constant flexural rigidity throughout the beam. [same as Example
3.10]

Solution:

Step (i): Fixed end moments

—30x1x3* —60x2x2?

Mg = 7 = —46.875 kNm
ME :+3O><12><34n:60><22><2:+35.625 N
ME :—25><2><62—30>;24><42—15><6><22 6375 KN
ME, :+25><22><6+30>;242><4+15x62><2=+56.25 N

Step (ii): Stiffness and distribution factors

Joint B:
Stiffness, Kg, = 3Eles _3El _ 0.75El (i.e., the far end A is hinged)
BA
Stiffness, K. _ 3Bl _ % =0.375El (i.e., the far end C is hinged)
BC
o K K
Distribution factor, yg, = —2— = =——2A
KB KBA + KBC
_ 0.75El 0667
0.75El +0.375ElI
o K K
Distribution factor, yge = —=— = =——2=
KB KBA + KBC
0.375El 0333

~ 0.75El + 0.375El
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Step (iii): Moment distribution table

(@) Similar to the previous examples, the distribution factors and fixed end moments are
entered in the table.

(b) Since the extreme end A is hinged, the moment at AB (—46.875) needs to be released.
Therefore, +46.875 is added at AB, and then +46.875/2 =+23.438 is carried over to the
far end BA. By releasing the moment at AB, the moment at AB has become zero, which is
the final moment. Therefore, no further operations are carried out at the end AB. Similarly,
as the extreme end C is also hinged, the moment at CB (+56.25) needs to be released.
Therefore, —56.25 is added at CB, and then —56.25/2 =+28.125 is carried over to the far
end BC. By releasing the moment at CB, the moment at CB has become zero, which is the
final moment. Therefore, no further operations are carried out at the end CB.

(c) Now the initial moment is revised by including the moments received at BA and BC as
carryover moments.

(d) At joint B, the unbalanced moment is balanced and distributed to BA and BC. No moment
is carried over to the far ends AB and CB as these ends are hinged.

(e) At this stage, no unbalanced moment exists in joint B. Therefore, no further cycle of
iteration is possible.

() Now, the end moments are obtained by algebraic summation of all the moments in every

column.
Joint A B C
End AB BA BC CB
DF 0.667 0.333
FEM —-46.875 i +35.625 | —63.750 | +56.250
Release +46.875 ,—56.250
COoM +23.438 | —28.125*
Initial
moment 0 +59.063 | —91.875 0
Balance +21.886 | +10.926

Cycle 1

COM - _
e 0 +80.949 | +80.949 0
moments

Step (iii): Final moments

The final bending moment diagram is obtained by superimposing the free bending moment diagram
with the end moment diagram. The shear force and bending moment diagrams are shown in Figures
4.9(ii) and 4.9(iii) respectively.
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30kN 60 kN 25 kN 30 kN 15kN

A3y e v b c
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441 m-{-1 m+ f—2m—f—2m—Ff—2m—y
! 4m 8m :

7

2
U

(i) Continuous beam

47.6

32.3 22.6
¥ 2.3

[ 7.4IIIIIIIIIII 4;#

22.4 22.4

57.7

(ii) Shear force diagram (in kN)

(iii) Bending moment diagram (in kNm)

Figure 4.9 Continuous beam with simply supported ends (Example 4.5)

Example 4.6: A continuous beam ABCDE (span AB is 4 m with 1,; =2l ; span BC is 3 m with

Iz =3I ; span CD is 3 m with 1, =151 ; span DE is 2 m with I,. =1) has the extreme end A
fixed, extreme end E is free (i.e., DE is overhanging), and the intermediate supports at B, C and D.
The span AB is subjected to a mid-span point load of 100 kN, the span BC is subjected to a
uniformly distributed load of 40 KN/m over the entire span, the span CD is subjected to a point load
of 135 kN at 1 m from C, and the span DE is subjected to two point loads of 10 kN and 5 kN at 1
m from D and at the tip respectively. Draw the shear force and bending moment diagrams.

Solution:

Step (i): Fixed end moments

Span AB:

M, :$ =-50.0 kNm
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Span BC:

_ 2
ML ==29%3 _ 300 kNm
12

+40% 32
MCFB =

=+30.0 kNm

Span CD:
—135x1x 22
MED =3—2 =-60.0 kNm

2
ME, =X X2 500 km

32

Span DE:
M[: =M, =-5x2-10x1=-20.0 kNm (i.e., moment due to cantilever action)

Mg, =0
Step (ii): Stiffness and distribution factors

Joint B:
Stiffness, Kg, = 4Ela, _4E@2D) o, (i.e., the far end A is fixed)
Loa 4
Stiffness, Kg = 4EIB° = 4E;3|) =4El (i.e., the far end C is like a fixed support)
BC
Distribution factor, yg, = Koo K 2Bl 0.333
Ky Kg+Kg 2El+4El
o K K 4EI
Distribution factor, yp = —= = —=——2-—= =0.667
Ky Kg+Kg 2El+4El
Joint C:
Stiffness, K = 4EIBA = 4Eé3l) =4El (i.e., the far end B is like a fixed support)
BA
Stiffness, K, = SEIBC = 3E(;'5|) =1.5El (i.e., the far end D is hinged)
BC

With reference to joint C, the perspective of the far ends (i.e., supports at B and D) is different,
even though they appear to be simply supported. The support B has an adjoining span BA that
resists the free rotation of joint B, while the adjoining span DE (i.e., overhanging portion) does not
resist the free rotation of joint D. That is why the support D is considered as hinged.

S K K 4ElI
Distribution factor, yoz =—2-=——%_—= =0.727
K. Kg+K. 4El+15El
T K, K 1.5EI
Distribution factor, y., =—2—= &L= =0.273

K. Ke+Ky 4ElI+15EI
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Step (iii): Moment distribution table

(a) The distribution factors and fixed end moments are entered in the table.

(b) Since the extreme end E is free, the moment at ED is zero.

(c) The final moment at the end DE is —20.0 KNm due to the loads acting on the overhanging
portion. Therefore, for the joint equilibrium, the final moment at the end DC should be
equal to +20.0 kNm.

(d) Since the support at D is considered as hinged, the unbalanced moment (
—20.0+30.0=+10.0) should be released at the initial stage itself. Therefore, —10.0 is
added at DC, and —10.0/2=-5.0 is carried over to CD. No further operations are carried

out at the ends DC, DE and ED.

(e) The initial moments are revised by including the carryover moment.

(f) Inthe first cycle of iteration, the unbalanced moments at the joints are balanced, and carried
over to the respective far ends.

(g) The iteration is continued till the unbalanced moments at joints B and C become negligibly

small.
(h) Now, the end moments are obtained by algebraic summation of all the moments.
Joint A B C D E
End AB BA BC CB CD DC DE ED
DF 0.333 0.667 | 0.727 | 0.273
FEM -50.00 | +50.00 { —30.00 | +30.00 | —60.00 {+30.00 {-20.00 { O
Release 1 —10.00
COM -5.00
Initial
moments —-50.00 | +50.00 { —=30.00 | +30.00 { —65.00 |{+20.00 {-20.00{ O
Cycle 1 Balance ,—6.66 | —13.34.;,25.45 9.56
COM -3.33* 12.72 426,67
Balance ,—4.24 |+ -8.49 , 4.85 1.82
vele2 oM “212” 2.42 ¥ 424
Cycle 3 Balance ,—081 | -1.62 ., 3.08 1.16
COM —0.40 * 1.54 #1*_0.81
Cycle 4 Balance ,—051 | -1.03 ., 0.59 0.22
COM —0.26 * 0.29 #*-0.51
Cycle s | Balance ,-010 | -020, 037 | 0.4
COM —0.05 # 0.19 #%-0.10
Cycle 6 Balance P -0.06 | -0.12 : 0.07 0.03
COM —0.03 # 0.04 #%-0.06
Cycle 7 Balance ,—0.01 | -0.02 i, 0.05 0.02
COM —0.01 4 0.02 #/*-0.01
End
TR -56.19 i 37.61 | -37.59 | 52.05 | -52.06 { 20.00 {-20.00 ;| O
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Step (iii): Final moments

The final bending moment diagram is obtained by superimposing the free bending moment diagram
with the end moment diagram. The shear force and bending moment diagrams are shown in Figures
4.10(ii) and 4.10(iii) respectively.

100 kN 40 kN/m 135 kN 10kN 5kN
q F‘ B/\/C\/\M/\C *G D Hl l
Al 21 A I A 15 A 1 E
f—2m— F—2m—Ff1my
1 am— 3m— 3Im—F—2m~/
(i) Continuous beam an overhanging at the right end
100.7
54.6 55.2

5.0

I e o

L

454 648

(ii) Shear force diagram (in kN)

(iii) Bending moment diagram (in kNm)

Figure 4.10 Three-span continuous beam with an overhang (Example 4.6)

Example 4.7: Analyse the frame shown in Figure 4.11(i) using the moment distribution method.

Solution:

The given frame does not have any unknown sway degree of freedom. This means, the horizontal
translation of the column elements (members BD and CE) is prevented owing to the beam element
AB fixed at A. In case, if the extreme end at A was a roller support, then the frame would translate
in the horizontal direction resulting in an unknown sway degree of freedom.

Therefore, the frame problems with no unknown sway degree of freedoms are solved using the
same procedure adopted for analyzing the beams.

Step (i): Fixed end moments

Span AB:

M5 =204 _ 950 knm




M, = +5%X4 = 125.0 kNm
Span BC:
_ 2
ME = =200 _ 600 kNm
12
2
Mg, = 129267 _ 600 kNm
12
Span CE:
ME = _3%X4 =-15.0 kNm
ME. = +3(;X 4 _ 4150 KNm
Span DB:
45x1x2?
Mg = 5 =200 kNm
2
ME = +45§21 X2 _ 110.0 KNm

Step (ii): Stiffness and distribution factors
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Joint Stiffness ( K ) Distribution factor (y)
K El
_ 4E(I = _Dea =025
KBA=%=EI 7o = TR T EI+El 4 2E
_ 4E(@SI) Kee _ Bl oo
B | Kec= =El e K, El+El+2El
g - AEASD o Keo ___ 2Bl .o
e 3 Yep === =0.
K, El+El+2El
K El
. 4E(@5I) B _ ~04
Keo=—p—=El | 7" g " Ei+15El
C _
_ 3E(2) K 1.5EI
Ko =222 _15E = Ree _ _0.
=4 Jee = TR T EI+L5EN

Step (iii): Moment distribution table

(a) Similar to the previous examples, the distribution factors and fixed end moments are

entered in the table.

(b) Since the extreme end E is hinged, the moment at EC (+15.00) needs to be released.
Therefore, —15.00 is added at EC, and then —7.50 is carried over to the far end CE. By
releasing the moment at EC, the moment at EC has become zero, which is the final moment.
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(©)

(d)

(€)

()

Therefore, no further operations are carried out at the end EC. The initial moments are
revised by including the carryover moment.

At joint B, the unbalanced moment is +25.0—60.0+10.0=-25.0. Therefore, +25.00 is
required to be applied at B to balance the joint moments. Based on the distribution factors,
+6.25, +6.25 and +12.5 are entered at the ends BA, BC and BD respectively. Consequently,
+3.13, +3.13 and +6.25 are carried over to AB, CB and DB respectively.

Similarly, the unbalanced moment at joint C is +60.0—22.5=+37.5. Therefore, —37.5 is
distributed between CB and CE as —15.0 and —22.5 respectively. Consequently, —7.5 is
carried over to the far end BC. No moment is carried over to the far end DB.

After the first cycle of iteration, the unbalanced moment at the joint B is —7.5. Therefore
+7.5 is distributed to BA, BC and BD respectively as +1.88, +1.88 and +3.75, and then
carried over to AB, CB and DB respectively as +0.94, +0.94 and +1.88. Similarly, the
unbalanced moment at C is +3.13. Therefore, —3.13 is distributed to CB and CE
respectively as —1.25 and —1.88, and —0.63 is carried over to BC.

The iteration is continued till the unbalanced moments at the joints B and C become
negligibly small.

(g) Now, the end moments are obtained by algebraic summation of all the moments in every
column.
Joint A B C D E
End AB BA BC BD CB CE DB EC
DF 0.25 0.25 0.50 0.40 0.60
FEM —25.00 | +25.00 { —60.00 {+10.00 {+60.00 { —15.00 {—20.00 {+15.00
Release -15.00
COM -7.50
:‘r]‘gr':énts 25,00 | +25.00 | —60.00 | +10.00 |+60.00 | —22.50 [-20.00 | 0
Cycle 1 Balance +6.25 | +6.25 | +12.50 { -15.00 i —22.5
COM +3.13 -7.50 +3.13 +6.25
Cycle 2 Balance +1.88 { +1.88 | +3.75 | -1.25 i —1.88
COM +0.94 -0.63 +0.94 +1.88
Cycle 3 Balance +0.16 | +0.16 { +0.31 | —0.38 i —0.56
COM +0.08 -0.19 +0.08 +0.16
Cycle 4 Balance +0.05 | +0.05 { +0.09 | —0.03 | —0.05
COM +0.02 -0.02 +0.02 +0.05
Cycle s Balance +0.00 { +0.00 { +0.01 { —0.01 { —0.01
COM +0.00 -0.00 +0.00 +0.00
End
moments -20.83 | +33.33 | —60.00 | +26.66 | +47.50 { —47.50 {-11.67 0




Theory of Structures| 209

Step (iii): Final moments

The final bending moment diagram is obtained by superimposing the free bending moment diagram
with the end moment diagram. The shear force and bending moment diagrams are shown in Figures
4.11(ii) and 4.11(iii) respectively.

50 kN

20 kN/m
g 2m l 2m

(i) Non-sway frame
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57.9
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(ii) Shear force diagram (in kN)

20.0

25.0

A
N
~N
6]

™~
—
—

(iii) Bending moment diagram (in KNm)

Figure 4.11 Non-sway frame (Example 4.7)

Note: In the numerical examples, the distribution factors are considered only at the joints wherein
at least two members are connected, and the extreme ends are not considered as joints.
Theoretically, the extreme ends can also be considered, but it will result in more cycles of iteration
for convergence.
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Consider a two-span continuous beam already solved in Example 4.3 as shown in Figure
4.12(i). The beam has a fixed support at A, an intermediate support at B and a hinged support at C.
Assume an imaginary span A’A with infinitely rigid (i.e., K,, = ) so that the rotation at A is

prevented. Similarly, assume an imaginary span CC’ with infinitely flexible (i.e., K . =0) so that

the rotation at C is freely permitted. Thus, with two imaginary end spans, the supports A and C
have become joints connecting two members.

10 kN/m 30 kN
£ {o ¢
A 7. A
B f——3m———
F 6m ¥ 4m A

(i) Continuous beam

& & A
B C C’
(ii) Continuous beam with imaginary adjacent spans

Figure 4.12 Beam with imaginary end spans

Therefore, the distribution factors are calculated as follows.

Joint Stiffness (K ) Distribution factor (y)
Kan
"3 =—22-=1.0
Kaa = Vaa K,
A — 4El _
K,s =—— =0.667El Koo
6 }/AB = — :0
KA
K
Ron ==L —0,667EI | 7en =12~ =040
B 6 °
> 4El K,
KBC_T:EI 7/BC: 2060
B
KCB
R, =2El_g ® K
C 4 g
Kee =0 Yee = CKEC =0
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In the moment distribution table, the distribution factors and fixed end moments are entered. The
unbalanced moments at the joints A, B and C are balanced according to the respective distribution
factors, and then carried over to the far ends. The iteration is continued until the unbalanced
moments become negligibly small.

The end moments exactly match with the solutions obtained in Example 4.3. However, the
effort required (i.e., number of cycles) to obtain the solution is more when compared with the
procedure adopted in Example 4.3.

Joint A’ A B C C’

End AAl AA | AB | BA BC CB | CC' | CC

DE 1.0 0 0.4 0.6 1.0 0

FEM 230.00 | +30.00 | —16.88 | +5.63

Balance +30.00 | +0.00<,—5.25 @ —7.88 <, -5.63 | —0.00
Cycle 1

COM ~2.63%+0.00 | -2.81*%1-3.94
Cyole2 | BalaNCe 12,63 | +0.00 +1.13 | +1.69 <, +3.94 | +0.00

COM F0564%40.00 | +1.97 ¥%+0.84

Balance —0.56 | —0.00,-0.79 | —1.18 ., —0.84 | —0.00
Cycle 3

COM 20.3947%0.00 | —0.42% 22059

Balance ¥0.39 | 40.00-,+0.17 | +0.25 <, +0.59 | +0.00
Cyeled oM 568 250,00 T 0307 <5013

Balance 2008 | —0.00.,-012 | —0.18 <, —0.13 | —0.00
Cycle 5 y 4

COM Z0.06%1%°0.00 | —0.06%*-0.09
cves | Balance $0.06 | +0.00~,+0.03 | +0.04~, +0.09 | +0.00
v COM 001 #%0.00 | +0.04% %4002

Balance —0.01 | -0.00_,,-0.02 | -0.03}, -0.02 | —0.00
Cycle 7 2

COM 20018 20.00 | —0.01¥X-0.01
cles | Balance ¥0.01 | 40.00<, +0.00 | +0.01 < +0.01 | +0.00
v COM 1000 X000 | +0.01% X40.00

End

moments 32.43 |—32.43 | 25.15 | —25.14 | 0.00 | 0.00




212 | Moment Distribution Method

UNIT SUMMARY

v

v

Moment distribution method is a displacement method in which the end moments are
obtained iteratively.

Stiffness of an element at a joint is 4El/L for the far-end fixed, whereas the stiffness is
3El/L if the far end is hinged.

Distribution factor is the ratio between stiffness of a member and total stiffness of members
connected at the joint.

The summation of distribution factors at a joint is one.

Carry over factor is 1/2 for the fixed end, and zero for the hinged end.

From the fixed end moments stage, the unbalanced moments at each joint is balanced and
subsequently carried over to the respective far ends depending on the end conditions.

The iteration should be repeated until the unbalanced moment becomes insignificant at
every joint.

Final end moments are obtained by algebraic summation of all the moments (distributed
and carried over moments) at each joint.

Final bending moment diagram is obtained by superposing the free moment diagram with
the end moment diagram.

Beams and frames without any unknown sway degree of freedom can be solved using a
single the moment distribution table.
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EXERCISES

4.1.

4.2.

4.3.

4.4.

4.5.

A two-span continuous beam ABC (AB=6 m; BC=3 m) with extreme ends fixed is
subjected a mid-span point load of 30 kN in the span AB, and two point loads of 20 kN
each at every 1 m in the span BC. Draw the shear force and bending moment diagrams.

A two-span continuous beam ABC (AB=6 m; BC=3 m) with fixed at A and simply
supported at C is subjected a uniformly distributed load of 10 kN/m over the span AB, and
two point loads of 20 kN each at every 1 m in the span BC. Draw the shear force and
bending moment diagrams.

A two span continuous beam ABC (AB=6 m; BC=3 m) with extreme ends simply
supported is subjected to 30 kN each at the mid-span locations. Analyse the beam for the
force responses, and draw the shear force and bending moment diagrams.

A two-span continuous beam ABC (AB=6 m; BC=3 m) with extreme ends simply
supported is subjected a uniformly distributed load of 10 KN/m over the span AB, and two
point loads of 20 kN each at every 1 m in the span BC. Draw the shear force and bending
moment diagrams.

A continuous beam ABCD (span of AB is 4 m with 1,; =3l ; span of BC is 3 m with

lgc =21 ; spanof CD is 1 mwith I, =1.51") with fixed support at A, intermediate supports

at B and C, and free at D (i.e., overhanging CD) is subjected a mid-span point load of 30
kN in the span AB, a uniformly distributed load of 15 kN/m in the span BC, and a point
load of 5 kN at the tip of span CD. Draw the shear force and bending moment diagrams.
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QR Code for Moment Distribution Method

NPTEL Lecture: https://www.youtube.com/watch?v=LORmHAC_vPo



Simple Trusses

UNIT SPECIFICS

This unit discusses the following aspects.
e Different types of truss structures
e Analysis of simples trusses by the method of joints
e Analysis of simples trusses by the method of sections

RATIONALE

In structures with large spans, providing beams as major transverse load carrying elements becomes
uneconomical. In such situations, trusses are preferred. The truss is composed of short and straight
discrete elements arranged into triangulated patterns connected at their ends to form a stable
configuration. This chapter presents various methods for analyzing simple trusses for the force
response.

UNIT OUTCOMES

List of outcomes of this unit is as follows.

U5-01: Importance of truss structures

U5-02: Different types of trusses

U5-03: Assumptions for analyzing the trusses

U5-04: Analysis of simple trusses using the method of joints
U5-05: Analysis of simple trusses using the method of sections

Mapping of Unit-5 Outcomes with Course Outcomes *

CO-1 CO-2 | CO-3 | CO4 | CO-5
U5-01 1 1 1 3 1
U5-02 1 1 1
U5-03 1 1 2 1 2
U5-04 1 1 2 2 3
U5-05 1 1 2 2 3

* (1- Weak correlation; 2- Medium correlation; 3- Strong correlation)
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5.1 Introduction

A truss is an assemblage of straight members arranged in a triangle or a combination of triangles,
and connected by means of pins for transmitting the externally applied loads by developing axial
forces in the members. Mostly, trusses are constructed using structural steel or aluminum shapes
or wood struts with bolted or welded connections. Timber trusses were built for function (rather
than the architectural fancy) in the past, but nowadays they are replaced by metal trusses owing to
the structural efficiency. Trusses are widely used in many applications such as industrial structures,
bridges, roofs of buildings, towers and space stations. The top and bottom truss members are called
chords and the members between the chords are called web members. The compressive web
members are called struts and tensile web members are called ties.

5.2 Types of Trusses

The basic shape of a truss is a triangle formed by three members connected at the common joints.
Hence, the triangle arrangement with three members and three joints is a rigid structure. When
another two members are connected to two of the joints forming another triangle, the structure
becomes a five-member rigid structure. Therefore, the whole structure is suitably built-up from the
basic triangle by adding two members (sometimes one member is sufficient, by keeping two
existing members as common). This kind of arrangement makes the structure rigid and internally
stable. Moreover, when the structures are supported in such a way that all the reactions are neither
parallel nor concurrent, the external stability is also achieved.

If all the members of a truss lie in one plane, the structure is called a plane truss. Similarly, if
the configuration of the structure encloses three-dimensional space, the structure is called a space
truss. In reality, planar trusses are not two-dimensional; this means that the existence of a dimension
normal to the plane should be realized. Because, the member cross sections carry the third
dimension, and also the physical joining of the members involves a layered nonplanar assemblage
of members. However, the minor eccentricities of the member axes with respect to the plane of the
structure are unimportant in the analysis of the truss structure as a whole. On the other hand, when
the truss structures enclose a three-dimensional space, it is appropriate to consider the full spatial
interconnection of the members when analyzing structures such as towers, complicated roof
systems and aerospace structures. However, in many cases such as bridges structures and simple
roof systems, the framework can be subdivided into planar components for simplifying the analysis
procedure without compromising the accuracy of the results.

Depending on the overall configuration, two categories of trusses namely the flat trusses (i.e.,
with parallel chord or girders) and pitched/common trusses (i.e., for sloped roof) can be seen in
practice. Different types of truss structures are shown in Figure 5.1. The choice of the truss is
mainly governed by many factors such as the span of the structure, main purpose of the structure,
topographical conditions, economy etc.



Theory of Structures| 217

Fink truss Fink truss
Howe truss Howe truss

N

%\
Pratt truss Pratt truss
VAVAVAVAN
Warren truss Warren truss
North light truss North light truss
King-post truss Queen-post truss

Figure 5.1 Common types of trusses
5.2.1 Classification of Plane Trusses

Planar truss structures are classified as simple, compound and complex trusses. A simple truss is a
plane truss which begins with a basic triangular shape and can be expanded by adding two members
and a joint. The simple trusses do not need to be made entirely of triangles, nevertheless, the non-
triangular cells do not ensure the stability conditions in some cases. A compound truss is formed
by either modifying the simple truss by readjusting the members or by combining simple trusses.
The compound trusses are commonly adopted in long-span bridges. A complex truss adopts a
general layout of members which is different from the simple and compound trusses. It often
contains overlapping members (i.e., no joints at many apparent intersections of members). Analysis
of such structures is complicated as the equilibrium equations are generally coupled. Examples of
simple, compound and complex truss structures are shown in Figure 5.2.
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(if) Compound trusses

K] TN

(iif) Complex trusses
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(i) Simple trusses

Figure 5.2 Classification of plane trusses
5.3 Analysis of Trusses

The truss structures are analysed for determining the member forces. The real truss structures are
idealized to perform the analysis by making the following assumptions.

(i)  The truss members are straight between the joints.

(i)  The loads and reactions lie in the plane of the truss and applied at the joints only.

(iii) The centroidal axis of each member coincides with the line connecting the centre of
adjacent joints.

(iv) The truss members are connected together with frictionless pins so as to facilitate the
members to rotate freely at the joints.

(v) The deformation of a truss under applied loads caused by change in length of the
individual members is small enough to cause appreciable change in the overall shape and
dimensions of the truss.

Since the members transmit the applied loads through axial action, the two end forces must be
collinear and opposite to each other for equilibrium, making the nature of forces in each member
either tension or compression. The representation of member forces (also called bar forces) is
illustrated in Figure 5.3. The simple truss shown in Figure 5.3(i) is decomposed into joints and
members to realize the action of joints on the member and the subsequent reaction of the member
on the joints as illustrated in Figure 5.3(ii). On an isolated member, the tension in member is
represented by inward arrows from the joints, and the compression in member is represented by
outward arrows to the joints as shown in Figure 5.2(iii). Thus, the direction of forces away from
the joint indicates tensile force, while the direction towards the joint indicates compressive force in
the members as indicated in Figure 5.3(iv).
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(iii) Forces on isolated members and (iv) Nature of forces represented by
their final representation member action on its joints

Figure 5.3 Representation of member forces in truss analysis

In truss analysis, a tension (T) is designated as a positive bar force while a compression (C) is
a negative bar force. First, the free-body diagram is isolated in which the desired bar forces are
exposed as unknowns. The directions of unknown forces are assumed to be positive (i.e., tension)
on the cut face, and the static equilibrium equation equations are applied to solve for the unknown
bar forces. If the solution produces a positive force, the assumed direction is correct (i.e., tension).
On the other hand, a negative force indicates that the assumed direction is incorrect, hence the
member is in compression. This means that the numerical value is correct regardless of the sign.

5.3.1 Stability and Determinacy of Trusses

The fundamental configuration (i.e., triangle) of a planar truss with pin joints at the connections is
internally stable. This means, the configuration does not get modified abruptly before or after
application of external loads. When this configuration is supported externally by providing a hinged
support at any one joint and a roller support at another joint, the structure becomes externally just-
rigid. This essentially means, with one hinged and one roller supports, minimum three reaction
components are introduced to satisfy the requirement of equilibrium conditions. As the only
internal force in each member is the axial force, the total number of unknown forces is equal to six
(i.e., three member forces and three reactions). However, each joint offers two equilibrium

equations ( F.=0 and Fy:O). If m denotes the number of members and r denotes the

number of reaction components (at the supports), and | denotes the number of joints, then
m+r =2]j for the basic configuration.
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A truss possessing just sufficient number of members to maintain its stability and equilibrium
under any system of forces applied at joints is called a statically determinate and stable truss. This
means that the condition m+r=2j is satisfied. There are many criteria based the composition of

m, r, and j; primarily the degree of static indeterminacy is obtained.
DSI = (unknown forces) — (known forces) =(m+r)—2] (5.1)

Eg. (5.1) may not clearly indicate the condition of trusses. If r is taken as the least number of
reaction components required for external stability and r is the actual number of reaction

components, then the following criteria can be obtained.
r,<r the truss is statically unstable externally (Figure 5.4(i))
r=r the truss is statically determinate externally (Figure 5.4(ii))
r,>r the truss is statically indeterminate externally (Figure 5.4(iii))

Therefore, the conditions r, r are necessary but not sufficient conditions for statical
classification; hence the reactions must be properly arranged to ensure stability.

|

—> — —>

A & A A T -
i A A i A A
1 1 1 1 1 1
1 1 1
(i) statically unstable (i) statically determinate (iii) statically indeterminate
externally externally externally

Figure 5.4 External classification of truss

For internal classification, let the condition m+r=2j be rewritten as m=2j—r. In this form,
m is the number of members required to form an internally statically determinate truss. If m, is the
actual number of members in the truss, then the following criteria can be obtained.

m,<m the truss is statically unstable internally (Figure 5.5(i))
m,=m the truss is statically determinate internally (Figure 5.5(ii))
m,>m  the truss is statically indeterminate internally (Figure 5.5(iii))

Therefore, if m, <m, the truss is definitely unstable, but if m, m, it does not necessarily mean that

the truss is stable. This may be due to improper arrangement of members to ensure internal stability.
Such trusses are said to have critical form.
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(i) statically unstable (ii) statically determinate (iii) statically indeterminate
internally internally internally

Figure 5.5 Internal classification of truss

Based on the degree of static indeterminacy, if DSI =0 the truss is termed as just-rigid; if DSI <0
the truss is under-rigid; and DSI >0 the truss is over-rigid. Figure 5.6 shows a few examples of
trusses which are statically determinate (i.e., DSl =0), but unstable. The unstable structures cannot
function as load transfer system, and hence cannot be solved for the force or displacement
responses.

- ==
A = A £ £
! ! + é é + +
_____ ! ! ! '
m=4; r=4; j=4 m=6: r=2: j=4 m=9; r=3; j=6
DSI=0 DSI1=0 DSI=0

Figure 5.6 Examples of unstable trusses with DSI1=0

Figure 5.7 shows various stable trusses with the details of static indeterminacy. When DSI >0, the
trusses are statically indeterminate, hence the equilibrium equations alone are inadequate to
determine the member forces.
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Figure 5.7 Examples of stable trusses
5.3.2 Methods of Analysis

There are several methods available to analyse the truss structures, such as
(i) Method of joints
(i) Method of sections
(iii) Tension coefficient method
(iv) Graphical method
(v) Principle of virtual displacement

In the method of joints, the free-body of an isolated single joint is solved using the equilibrium
equations. In the method of section, the free-body of a complete subassembly consisting of several
joints and members is solved using the equilibrium equations. The tension coefficient method is
similar to the method of joints, but formulated in an alternative form especially suitable for solving
space trusses. In the graphical method, the bar forces are determined by drawing a series of force
polygons, one for each joint. The principle of virtual displacement is based on the concepts of
virtual work when the body is subjected to a small imaginary displacement.

5.4 Method of Joints

Truss is assumed to be composed of a series of members and joints. Any portion of a structure must
be in a state of equilibrium is the basis for all analysis techniques directed at determining forces in
truss members. First, the support reactions are obtained by considering the rigid-body equilibrium
conditions (i.e., ¥ F, =0, X F, = 0 and ¥ M = 0) of the whole structure. Each joint is isolated,
and the system of forces acting at the joint is defined by the unknown forces (i.e., member forces
at the joint) and by the known forces (i.e., external loads and support reactions), if available. The
actual direction of the known forces is used, and the nature of the unknown forces is arbitrarily
considered to be the tension. Since all the forces in the joint act through the same point (called
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concurrent system), only two equilibrium equations (i.e., Y, F, = 0 and Y F,, = 0) are valid, and the
moment equilibrium (i.e., > M = 0) is not a concern. The unknown forces are determined by
applying the equilibrium equations (i.e., ¥ £, =0 and X F, = 0). In a joint, since only two
conditions are available, no more than two unknowns can be solved. In general, the truss analysis
is started at a support where two members meet, because the support reactions are already known,
and only two member forces are unknown. Once all the forces acting at the initial point have been
found, the adjacent joint is considered for the analysis.

5.4.1 Numerical Examples

Example 5.1: Analyse the truss shown in Figure 5.8 for the bar forces.

30 kN
10kN—-L C T
3m
A 5 |
A
¥ 4m ¥ Am ¥

Figure 5.8 Three-member truss (Example 5.1)

Solution:

The free-body diagram of the whole structure is shown in Figure 5.9(i). First, the truss needs to be
checked for the determinacy. There are three members (AB, BC and CA), three joints (A, B and
C), and three reactions (V,, Vg and H,). Therefore, the degree of static indeterminacy is
DSl =m+r—-2j=3+3-2(3)=0, hence the structure is statically determinate. The support

reactions are determined by applying the equilibrium conditions.
F=0 = -H,+10=0
= H, =10.0 kN
F,=0=V,+V,-30=0
M, =0 = V;x8-30x4-10x3=0
=V, =18.75 kN & V, =11.25 kN

The internal forces are marked as F,; =F;,, Fac =Feas Foe = Fgg In the free-body diagram with

the nature of internal forces assumed as tension (i.e., the arrows are placed for the members at the
ends pointing away from the joints) as shown in Figure 5.9(ii).

Joint A is isolated as shown in Figure 5.9(iii), and the equilibrium equations are applied. The
inclined forces (i.e., forces in the inclined members) are resolved into horizontal and vertical
directions while applying the equilibrium conditions.
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F =0 = —10.0+F,, + F,. x05(36.9) =0
F,=0 = +11.25+F, xsin(36.9) =0 = F,. =—18.7 kN

Therefore, —10.0+ F,; +(-18.7) xc0s(36.9) =0 = F,; =+25.0 kN
The sign of F,. is negative; hence compression. However, the sign should not be changed
until the analysis is completed for all the joints.
Joint C is isolated as shown in Figure 5.9(iv), and the equilibrium equations are applied.
F,=0 = —F;, —Fy. x€0s(36.9) =0
—F,5 — F5c x€05(36.9) =0 = —25.0—F;. x€0s(36.9) =0 = F,. =-31.3 kN
The sign of F. is negative; hence compression. Alternatively, the force F,. can be obtained by
considering the joint C instead of Joint B as follows.
F, =0 = +10.0-F., x0s(36.9) + F; x05(36.9) =0
+10.0— F,. x€0s(36.9) + F; x€0s(36.9) =0
+10.0—(—18.7)x c0s(36.9) + F; x€05(36.9) =0 = Fz =—31.3=F,

30 kN
10 kN —J C
Ha <—? TB
Va Vg 11.25 18.75
(i) Free-body diagram of whole structure (ii) Free-body diagram with nature of forces
F
/<36.9° 36.9° NP
10.0
Fas Fea

11.25 18.75

30 (iii) Joint A (iv) Joint C

B
A f (+25.0) T
11.25 18.75
(v) Member forces (in kN)

Figure 5.9 Truss analysis (Example 5.1)
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Final member forces:
F.s = Fsa =+25.0 kN (Tension)
Fuc = Fea =—18.7 kN (Compression)
Foc = Fg =—31.3 kN (Compression)
The member forces are represented as shown in Figure 5.9(v).

Example 5.2: Analyse the truss shown in Figure 5.10 for the bar forces.

30 kN 40 kN 20 kN

10 kN—»-1F {e D

P
~~m@

Figure 5.10 Nine-member truss (Example 5.2)

Solution:

The free-body diagram of the whole structure is shown in Figure 5.11(i). First, the truss needs to
be checked for the determinacy.
DSl =m+r—-2]=9+3-2(6)=0, hence the structure is statically determinate. The support

reactions are determined by applying the equilibrium conditions.
F=0=-H,+10=0
= H, =10.0 kN
F,=0 =V, +V,-30-40-20=0
M, =0=V.x8-20x8-40x4-30x0-10x3=0
= V. =43.75 kN & V, =46.25 kN

The nature of the internal forces is assumed as tension (i.e., the arrows are placed for the members
at the ends pointing away from the joints) as shown in the free-body diagram.

Joint A is isolated as shown in Figure 5.11(ii), and the equilibrium equations are applied.
F =0 = -100+F,; =0
= F,; =+10.0 kN
F, =0 = +46.25+F, =0

= F,. =—46.25 kN

The sign of F,. is negative; hence compression. However, the sign should not be changed until
the analysis is completed for all the joints.
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Now, Joint B cannot be considered as an isolated joint for determining the next set of internal
forces, because there are member forces in which four forces are unknown.

Therefore, the joint C is isolated as shown in Figure 5.11(iii), and the equilibrium equations are
applied.
F,=0 = F;=0
F, =0 = +43.75+F, =0
= F,, =—-43.75 kN
The sign of F., is negative; hence compression.
The joint D is isolated as shown in Figure 5.11(iv), and the equilibrium equations are applied.
F =0 = —F,. —F,; xc0s(36.9)=0
F, =0 = -20.0- F,; — F5 xsin(36.9) =0
Therefore, —20.0—(—43.75) — 5 xsin(36.9) =0
= F,; =+40.0 kN and F,; =-31.6 kN
The sign of F,; is negative; hence compression.

The joint E is isolated as shown in Figure 5.11(v), and the equilibrium equations are applied.
F=0=F,-F;:=0= (-316)-F, =0
= F;=-31.6 kN
F,=0 = —40.0-F; =0
= F, =—-40.0 kN

The sign of F- and F; is negative; hence compression.

The joint F is isolated as shown in Figure 5.11(vi), and the equilibrium equations are applied.
F =0 = +10.0+ F; + F xc05(36.9) =0

+10.0-31.6 + F; x€0s(36.9) =0
= k5 =+27.0 kN
F,=0 = -30.0-F, —F; xsin(36.9)=0
-30.0-F, —27.0xsin(36.9)=0
= F,=-46.2 kN
The force F.,was already obtained by considering Joint A; same result is obtained while
considering Joint F.

Table 5.1 presents the forces along with the nature of all the members. The member forces are
represented as shown in Figure 5.11(vii).
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Member  Force (kN) Nature
AB 10.0 Tension
BC 0 -
CD 43.8 Compression
DE 31.6 Compression
EF 31.6 Compression
AF 46.3 Compression
BD 40.0 Tension
BE 40.0 Compression
BF 27.0 Tension
30 40 20
10 _>$ F l E ‘ D
HA<—
A B c
Va Ve
. (i) Free-body diagram of whole structure
" . 20 40 30
10.0<— Fag Feg CCD Foe lD Fer { Feo 10— Fre
A 36.9>/{, Ef FIN36.9°
46.25 43.75 Fol Fes e
Foc E
(ii) Joint A (iii) Joint C (iv) Joint D (v) Joint E (vi) Joint F
30 40 20
10 _J F_(316) lE (=31.6) l D

O (-43.8)

46.3 43.8
(vii) Member forces (in kN)

Figure 5.11 Truss analysis (Example 5.2)
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Example 5.3: Analyse the truss shown in Figure 5.12 for the bar forces.

D
3m
A 4m ‘B 4m c
30 kN 15 kN

Figure 5.12 Seven-bar truss (Example 5.3)

Solution:

The free-body diagram of the whole structure is shown in Figure 5.13(i). First, the truss needs to
be checked for the determinacy.
DSl =m+r—-2]=7+3-2(5)=0; hence the structure is statically determinate. The support

reactions are determined by applying the equilibrium conditions.
F=0=+H,+H.=0
F,=0 =V, -30-15=0
= V. =45.0 kN
M,=0= V. x0-H x3-30x4-15x8=0
= H.=-80.0 kN & H, =+80.0 kN

The sign of H. is negative. Therefore, the assumed direction of the horizontal reaction at E is not

correct. While considering the joint E for equilibrium, either the direction of the reaction can be
updated (i.e., away from the joint) with the positive magnitude or retained (i.e., towards the joint)
with the negative magnitude.

As three unknown forces are there at joint A, it cannot be considered as the first isolated joint
for the force equilibrium. Therefore, the joint C is considered first.

Joint C (Figure 5.13(ii)):
F, =0 = —F —F, xc0s(20.6) =0
F, =0 = -15.0+F,, xsin(20.6)=0
= F,, =+42.6 kN and F =-39.9 kN
Joint B (Figure 5.13(iii)):
F=0=-F,+F.=0=> -F,-399=0
= R, =-39.9 kN
F, =0 = +F;,-30.0=0
= Fyp =+30.0 kN
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Joint A (Figure 5.13(iv)):
F =0 = +80.0+F,; + F,; x€0s(20.6) =0
= +80.0-39.9+F,, xc0s(20.6) =0
= F,, =—42.8 kN
F,=0 = +F,¢ +F,, xsin(20.6)=0
= +F, —42.8xsin(20.6)=0
= F,. =+15.0 kN
Joint E (Figure 5.13(v)):
F =0 = -80.0+ F, xsin(69.4)=0
= F; =485.5 kN
F, =0 = +45-F,, —F, xc0s(69.4) =0
= +45-F., —85.5x0s(69.4) =0
= F, =+15.0 kN

The force F., was already obtained by considering Joint A; same result is obtained while
considering Joint E.

Table 5.2 presents the forces along with the nature of all the members. The member forces are
represented as shown in Figure 5.13(vi).

Table 5.2 Member forces (Example 5.3)

Member  Force (kN) Nature
AB 39.9 Compression
BC 39.9 Compression
CD 42.6 Tension
DE 85.5 Tension
AE 15.0 Tension
AD 42.8 Compression

BD 30.0 Tension
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Figure 5.13 Truss analysis (Example 5.3)

Example 5.4: Analyse the truss shown in Figure 5.14 for the bar forces.

\0@&300 20kN

N

A
A 3m B 3m C 3mDR

Figure 5.14 Eleven-bar truss (Example 5.4)




Theory of Structures| 231

Solution:

The free-body diagram of the whole structure is shown in Figure 5.15(i). Both vertical and
horizontal reactions exist at A. The roller support at D offers resistance in one direction that is

normal to the plane (i.e., 30° to the horizontal plane). Therefore, the reaction at D (i.e., R,) is acting
normal to the inclined plane. The components of the reaction R, are resolved in horizontal and
vertical directions as H, =R,sin30 and V, =R, cos30 respectively. Similarly, the inclined load

applied at G is resolved into both horizontal and vertical directions as shown in Figure 5.15(ii).
The degree of static indeterminacy, DSI =m+r—2j=11+3-2(7)=0; hence the structure is

statically determinate. The support reactions are determined by applying the equilibrium
conditions.

F,=0 = +H, -R,sin30+10sin30+5.0=0
F,=0 = +V, +R,c0s30-10c0s30-20=0
M, =0 = R,c0s30x9-5x2.6—20x7.5-10c0s30x1.5-10sin30x 2.6=0
R, =24.247 kN
H, =+2.124 kN
V, =+7.662 kN
Joint A (Figure 5.15(iii)):
F =0 = +2.1+F,; + F,; xC0s(60) =0
F, =0 = +7.7+F,, xsin(60)=0
F.c =—8.9 kN
Fye =+2.3 kN
Joint D (Figure 5.15(iv)):
F,=0 = —F,. —F,; xc0s(60)-12.1=0
F, =0 = +21.0+ F, xsin(60) =0
Fe =—24.2 kN
Foc =0 kN
Joint E (Figure 5.15(v)):
F,=0 = —F, —F xcos(60) + F., xcos(60) +5.0=0
F, =0 = —20.0— R xsin(60) - F, xsin(60) =0
F. =+1.1kN
Fe=-7.7 kN
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Joint C (Figure 5.15(vi)):
F, =0 = —F —F. xc0s(60) + F. xcos(60) + F., =0
F, =0 = +F, xsin(60) + F. xsin(60) =0
Fe=-11kN
Fes =+1.1 kN
Joint B (Figure 5.15(vii)):
F, =0 = —F;, —Fg x€0s(60) + Fy: xc0s(60) + Fy. =0
= Fye—Fy =24
F, =0 = +F, xsin(60) + Fy. xsin(60) =0
= ke +F =0
Fee =+1.2 kN
Fas =—1.2 kN
Joint F (Figure 5.15(viii)):
F =0 = —F — F xc0s(60) + F. xcos(60) + F. =0
Fs =-8.9 kN

The member forces determined are presented in Table 5.3, and represented as shown in Figure
5.15(ix).

Table 5.3 Member forces (Example 5.4)

Member  Force (KN) Nature
AB 2.3 Tension
BC 1.1 Tension
CD 0 Tension
DE 24.2 Compression
EF 7.7 Compression
FG 8.9 Compression
GA 8.9 Compression
BF 1.2 Tension
BG 1.2 Compression
CE 11 Tension

CF 11 Compression
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Figure 5.15 Truss analysis (Example 5.4)

Note: While resolving the inclined forces in horizontal and vertical directions, it is convenient to
use only “cosine”. For example, consider a force system shown in Figure 5.16.

Fz 3
| F
35W 210°
50>>4§‘\@,0o
: F4
Fs

Figure 5.16 System of inclined forces
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When the force F, is resolved in horizontal and vertical directions, the horizontal component
becomes F cos20, while the vertical component is F sin20. Instead, the vertical component can
be written as F;sin(90—20) = F;sin70. Similarly, for the force F,, the horizontal component is
F, cos35, and the vertical component is F,cos55. Thus, if 6 is the “rotating angle ” required to

keep the inclined force in either horizontal or vertical positions, then the corresponding component
is cosé, . When the force F, is rotated 20° in clockwise direction, the force acts in horizontal,

directing towards the right direction (F, = F, cos20). When the same force F, is rotated 70° in anti-
clockwise direction, the force acts in vertical downward direction (Fy =F cos70). Therefore, the
resolution of the forces can be done in many ways.
Option 1:

F, =—F cos20+F, cos35+ F, cos50 + F, cos 30

F, =-Fsin20-F,sin35+ F;sin50 + F, sin30

Option 2:
F, =—F cos20+F, cos35+ F, cos50 + F, cos 30

F, =—F cos70—F, cos55+ F, cos40 + F, cos 60

Option 3:
F, =+F cos160+F, cos35+ F, cos50 + F, cos150

F, =+F cos110+ F, cos125+ F, cos40 + F, cos60

In option 3, the inclined forced are rotated in such a way that the arrows lead the positive directions
(i.e., towards right in horizontal direction, and upwards in vertical direction).

5.5 Method of Sections

In the method of joints, the elemental portions of the truss considered for equilibrium were the
joints. All the joints are considered one by one until all the member forces of the truss are
determined. In the method of sections (also called method of moments), the complete subassembly
consisting of several joints and members is considered for the equilibrium. An imaginary cut is
made to partition the truss into two subassemblies, each of which is in equilibrium under the action
of external forces (i.e., applied loads and reactions) and internal forces (i.e., member forces in the
cut). Since the forces acting on the subassembly form a coplanar, but non-concurrent and non-
parallel force system, the moment equilibrium condition (i.e., } M = 0) should also be used along
with the translational equilibrium conditions (i.e., ¥ F, = 0 and ¥ F,, = 0). This means that all the
three equilibrium equations are available; hence a maximum of three unknown forces cutting across
three members can be determined in a single subassembly.
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Thus, conceptually, the method of joints can be considered in terms of a section line around
each joint, wherein the moment equilibrium condition (i.e., Y M = 0) becomes null-and-void
owing to the concurrent nature. In numerical examples, the method of joints is preferred when all
the member forces in a truss are to be determined, whereas the method of sections is particularly
useful when only a selected member forces are to be determined.

5.5.1 Numerical Examples

Example 5.5: Analyse the truss shown in Figure 5.17 for the bar forces. [Same as Example 5.1]

30 kN
10 kN—»2 C T
3m
. .|
pa 4m i 4m %

Figure 5.17 Three-member truss (Example 5.5)

Solution:
This example is already solved using the method of joints. The free-body diagram of the whole
structure with the assumed nature of member forces is shown in Figure 5.18(i). The support
reactions are computed by applying the equilibrium conditions on the whole structure.
F=0—=-H,+10=0
= H, =10.0 kN
F,=0=V,+V,-30=0
M, =0 = V;x8-30x4-10x3=0
V; =18.75 kN

V, =11.25 kN

The truss is cut into two subassemblies by making an imaginary section 1-1 as shown in Figure
5.18(ii). The subassembly on the left side of the imaginary section 1-1 is considered for the member
forces which are lying across the cut (i.e., F,; and F,.) as shown in Figure 5.18(iii). Since the
subassembly is in equilibrium, the moment of all forces in the subassembly about any point on the
plane should be equal to zero (i.e, moment equilibrium condition).

First, the moment equilibrium condition is applied at point B, and then applied at point C (it
need not be at the locations of joints; it can be even outside the structure configuration, but it is
convenient to consider the joint locations). There are four forces in the subassembly (i.e., 10.0 kN,

11.25 kN, F,; and F,.). Therefore, the algebraic summation of the moments of these forces (i.e.,
force multiplied by the respective normal distance up to B) should be considered.
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Mg =0 = +11.25x8+10x 0+ F,. x4.8+ F,5 x0=0

= F,.=-18.75 kN
All clockwise moments are considered as positive and anti-clockwise moments are considered
as negative. The forces 10 kN and F,; will pass through the point B; hence the perpendicular

distance is zero. The perpendicular distance from the axis of force F,. to the point B is 4.8 m as
shown in Figure 5.18(iii).
Now, the moment equilibrium condition is applied at point C.

M. =0 = +11.25x4+10x3+F,. x0—-F,; x3=0

= F,z =+25.0 kN

With the section 1-1, the forces in members across the cut are determined. Therefore, the truss is
now considered for another new section in such a way that the imaginary cut is passing through the
members whose forces are yet to be determined.

The truss is cut into two subassemblies by making an imaginary section 2-2 as shown in Figure
5.18(iv). The subassembly on the right side of the imaginary section 2-2 is considered for the
member forces that are lying across the cut (i.e., F;, and Fy. ) as shown in Figure 5.18(v), in which

s, is already determined. Therefore, the moment equilibrium condition is applied at point A.
M, =0 = -18.75x8+ F,; x0—-F,. x4.8=0
= Fy. =-31.25 kN
Final member forces:
F.s =Fga =+25.0 kN (Tension)
Fuc = Fca =—18.75 kN (Compression)
Fac = Fes =—31.25 kN (Compression)
The member forces are represented as shown in Figure 5.18(vi).
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Figure 5.18 Truss analysis (Example 5.5)
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Example 5.6: Analyse the truss shown in Figure 5.19 for the bar forces. [Same as Example 5.2]

30 kN 40 kN 20 kN

10kN—»-YLF Ve D

NI T

4m {

Figure 5.19 Nine-member truss (Example 5.6)

Solution:

This example is already solved using the method of joints. The free-body diagram of the whole
structure with the assumed nature of member forces is shown in Figure 5.20(i). The support
reactions are computed by applying the equilibrium conditions on the whole structure.

F=0—=-H,+10=0
= H, =10.0 kN
F,=0 =V, +V,-30-40-20=0
M, =0=V.x8-20x8-40x4-30x0-10x3=0
= V. =43.75 kN & V, =46.25 kN
The truss is cut into two subassemblies by making an imaginary section 1-1 as shown in Figure

5.20(ii). The subassembly on the left side of the imaginary section 1-1 is considered for the member
forces F,g, F and F.) as shown in Figure 5.20(iii). Since the subassembly is in equilibrium, all
three equilibrium conditions can be applied.

F =0 = +10-10.0-F,; — Fx — F5 xC0s36.9=0

F,=0 = +46.25-30-F; xsin36.9=0

= F; =+27.0 kN

M; =0 = 46.25x4+10x3-30x4 + F x3=0

= F.=-316 kN
By substituting F; and F. in  F =0;

F.s =+10.0

It is not necessary to apply all three equilibrium conditions (i.e., X K, =0, ¥ F, = 0 and

> M = 0) to solve for three unknown member forces that are exposed in the section 1-1.
Alternatively, all the three forces can be determined by applying only moment equilibrium
condition at three locations separately.
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M; =0 = 46.25x4+10x3-30x4+F, x3=0

= k. =-316 kN

M. =0 = 46.25x8+10x3-30x8+ F; x3-F;%x24=0
= F =+27.0 kN

M =0 = 46.25x4+10.0x3—-F,; x3-30x4-F;x24=0

= F, =+10.0
Now, the truss is cut into two subassemblies by making an imaginary section 2-2 as shown in Figure
5.20(iv). The subassembly on the right side of the imaginary section 2-2 is considered for the
member forces F.,, Foz and F,. as shown in Figure 5.20(v). Since the subassembly is in

equilibrium, all three equilibrium conditions can be applied.
F =0 = —F —Fy —F;3x€0s36.9=0
F,=0 = +43.75-20-F,; xsin36.9=0
= F,; =+40.0 kN
M;=0 = —43.75x4+20x4-F,x3=0
= F,=-31.6 kN
By substituting F,; and F,. in F =0;
F =0
Now, the truss is cut into two subassemblies by making an imaginary section 3-3 as shown in Figure
5.20(vi). The subassembly above the imaginary section 3-3 exposes the member forces Fy., Fy-,

Fsp, and F., as shown in Figure 5.20(vii).
Since F.. and Fg, are already obtained, the subassembly can be considered for the remaining
three forces. Moment equilibrium condition is applied at B and C.

M;=0 = —F,:x3+20x4+F, . x4=0

= F,. =43.8 kN

M.=0 = —F;x24-40x4—-F; x4-F,.x3=0
= F =—40.0 kN

Again, the truss is cut into two subassemblies by making an imaginary section 4-4 as shown in
Figure 5.20(viii). The subassembly above the imaginary section 4-4 exposes the member forces

F.,and F,; asshown in Figure 5.20(ix).
Since F,g is already obtained, the subassembly can be considered for the remaining force.
Moment equilibrium condition is applied at B.
M; =0 = +F,-x4+46.25x4=0

— F,. =—46.25 kN
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Figure 5.20 Truss analysis (Example 5.6)
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Alternatively, the vertical force equilibrium condition can be applied.
F,=0 = +F, +46.25=0

= F,=-46.25 kN
The member forces are represented as shown in Figure 5.21.

30 40 20
10 _J F_(316) lE (=31.6) ‘ D
< | N
« 2 2 ) &
5 NS 2
Y (+10.0 ~
10.0a—J 120 ©
A B jc
46.3 4338

Figure 5.21 Member forces in KN (Example 5.6)

Example 5.7: Determine the member forces of BC, BF and GF in the truss shown in Figure 5.22.

\0*&300 20kN

%

Figure 5.22 Eleven-member truss (Example 5.7)

Solution:
The free-body diagram of the whole structure is shown in Figure 5.23(i). The truss is statically
determinate with three support reactions (H,, V, and R;) in which is acting normal to the inclined

plane. The components of the reaction R, are resolved in horizontal and vertical directions as

H, =R, sin30 and V, =R, cos30 respectively. Similarly, the inclined load applied at G is resolved

into both horizontal and vertical directions as shown in Figure 5.23(i).
The support reactions are determined by applying the equilibrium conditions.

F,=0 = +H, -R,sin30+10sin30+5.0=0

F, =0 = +V, +R,c0s30-10c0s30-20=0

M, =0 = R,c0s30x9-5x2.6—-20x7.5-10c0s30x1.5-10sin30x2.6=0
= R, =24.247 kN, H, =+2.124 kN & V, =+7.662 kN
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Since the forces in the selected members need to be obtained, the imaginary section should
pass through those members. In one imaginary section, a maximum of three members can be cut,
as three equilibrium conditions can be applied. Accordingly, the truss is cut into two subassemblies
by making an imaginary section 1-1 such that the section exposes the members whose forces are to

be determined as shown in Figure 5.23(ii).

The segment on the left side of the imaginary section 1-1 is considered for determining the
member forces (i.e., F., Fy and F;) as shown in Figure 5.23(iii). The nature of forces is assumed
to be tension for the members BC, BF and GF. Since the subassembly is in equilibrium, all three

equilibrium conditions can be applied.

F =0 = +2.1+F; + K. + Ry c0s60+10c0s60=0
F,=0 = +7.7-10sin60 + F; xsin60 =0
= Fp=+11kN
M. =0 = +7.7x4.5-2.1x2.6-10c0s30x3—-F,. x2.6 =0
= k. =+1.2 kN
By substituting F;. and F,. in F, =0, F,.=-8.9 kN

(i) Free-body diagram of whole structure
10 cos30 20 10 cos30

10 sin30 —»,

ot @

(if) Imaginary section 1-1 (iii) Subassembly 1-1

Figure 5.23 Truss analysis (Example 5.7)

Note: If this example is to be solved using the method of joints for determining the specific member
forces (i.e., Fge, Fg and F), the separated joints A, B and G should be sequentially solved.
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5.6 Simplifying Conditions

Sometimes a qualitative inspection of the joints enables the analyst for quick determination of
member forces, especially for identifying the zero-force members. If a joint has only two non-
collinear members and there is no external load or support reaction at that joint, then those two
members are zero-force members. Similarly, if a joint has only three members (with no external
load or reaction), in which two members are collinear, then the third non-collinear member is a
zero-force member. In truss structures, the zero-force members are used to increase stability and
rigidity of the truss, and to provide support for various different loading conditions. Consider a
truss as shown in Figure 5.24.

W, W,
H G } { F E W,
K B c g

Figure 5.24 Qualitative inspection of a truss

A simple inspection of the truss structure shown in Figure 5.24 reveals the following.

(i)

(i)
(iii)
(iv)

V)
(vi)
(vii)

Joint B: K, =0 (i.e., the vertical force equilibrium condition will consist of only Fg ; the
third non-collinear member in a joint that has only three members)

Joint B: Fy, =Ry (i.e., by the horizontal force equilibrium condition)
Joint D: F,; =0 (i.e., the horizontal force equilibrium condition will consist of only F,.)

Joint D: F; =V, (i.e., by the vertical force equilibrium condition; if V, is upwards then
Foe 1s compression)

Joint F: F.. =-W, (i.e., by the vertical force equilibrium condition)
Joint F: R =F; (i.e., by the horizontal force equilibrium condition)

Joint H: F, =0 and F, =0 (i.e.,, by the horizontal and vertical force equilibrium
conditions; non-collinear members in a joint that has only two members)
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UNIT SUMMARY

v

v
v

A truss is an assembly of members connected together by rivets/welds, and all joints are
assumed to be pinned/hinged.

The only internal force is the axial member force; tension or compression.

Statically determinate stable structures are considered for analysis using the method of
joints and method of section.

The method of joints is useful when all the member forces are to be determined, and the
method of section is preferred when a selected member forces are required.

Zero-force members can be identified by visual inspection of the trusses to simplify the
solution process.
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5.1 Analyse the trusses shown in Figure 5.25 for the member forces using the method of joints.
5.2 Analyse the trusses shown in Figure 5.25 for the member forces using the method of sections.
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Figure 5.25 Truss examples for exercise
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QR Code for Simple Trusses

NPTEL Lecture: https://www.youtube.com/watch?v=pkTx8L9ibDc
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APPENDIX-A: Area and Centroid
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Shape X y Area, A
X
a a
Square — — 2
q > > a
—
Rectangle b a bd
2 2
Triangle = b h Ebh
3 3
le
<
Triangle b h 1bh
2 3
Triangle h 1bh
3 2
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APPENDIX-A: Area and Centroid (contd.)

Shape X y Area, A
2h 2+ hh +h?
Trapezoid h+2n, b hhy +hy p[ Lt
h +h, h +h, 2
Parabolic b §h g bh
area 2 5 3
Half 3 3 Zph
parabola 8 5 3
Parabolic lb ih lbh
spandrel 4 10 3
General x n+1b n+1 h ibh
spandrel n+2 4n+2 n+1
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APPENDIX-B: Slope and Deflection

Beam Slope Deflection
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APPENDIX-C: Fixed End Moments

Beam M re Mg,
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CO AND PO ATTAINMENT TABLE

Course outcomes (COs) for this course can be mapped with the programme outcomes (POs) after
the completion of the course and a correlation can be made for the attainment of POs to analyze the
gap. After proper analysis of the gap in the attainment of POs necessary measures can be taken to
overcome the gaps.

Table for CO and PO attainment

PO-1 PO-2 PO-3 PO-4 PO-5 PO-6 PO-7
CO-1 3 3 3 2 1 1 3
CO-2 3 3 2 2 1 1 3
CO-3 3 3 2 1 1 1 3
CO-4 3 3 3 1 1 1 3
CO-5 3 3 2 1 1 1 3

* (1- Weak correlation; 2- Medium correlation; 3- Strong correlation)

The data filled in the above table can be used for gap analysis.
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